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PREFACE. 

The following pages iaxe specially intended for use in 
Schools. In the choice of matter I have been chiefly guided 
by the requirements of the three days' Examination at Cam- 
bridge, with the exception of proportional parts in logarithms 
which I have omitted. In one point, I have ventured to de- 
viate from the usual custom. I have denoted angles through- 
out by the Greek characters, even before the explanation of 
circular measure. My reasons for doing so were chiefly two; 
first, that ihey are much more distinctly and easily written, 
and it is advisable that a boy should be accustomed in the 
text to the notation he uses on his paper ; secondly, I am 
thus enabled to insert the algebraical symbols for the angles 
in the figures, a very great advantage in such propositions 
as that proved in Art. 27« I have added about 400 Exam- 
ples mainly collected from the Examination Papers of the 
last ten years, and I have taken great pains to exclude 
from the body of the work any which might dishearten a 
beginner by their difficulty. 

In conclusion, I must express my great obligations to my 
friend the Eev. R B. Mayor, of Eugby. Without his kind 
encouragement I should not have ventured to have offered 
these pages to the public; and I am indebted to him, not 
only for many valuable suggestions, but for a careful revision 
of the whole work. 

R. D. BEASLEY. 

St John's Colleoe, Cambbidgb, 
September, 1858. 



ADVERTISEMENT TO THE SECOND EDITION. 

The chief alterations in tbis Edition are the addition of 
Articles 63, bis, and 73 — 75, and of the easy series of 
Examples marked A. 

Gbaiqiab Sohool, Gbanthau, Janucury, 1865. 



ADVERTISEMENT TO THE THIRD EDITION. 

• 

In this Edition the Examples have been largely in- 
creased. Articles 76 — ^78 have been added, and the series of 
Examination Papers* 

Gbammab School, Gbanthaic, Februa/ry, 1873. 



ADVERTISEMENT TO THE EIGHTH EDITION. 

In this Edition Section IX. on proportional parts has 
been added, and the number of Examination Papers con- 
siderably increased. 

BouBNEMOUTB, Murcht 1883. 
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SECTION I. 

UNITS OF MEASUBEMENT. USE OF SIGNS + AND -. MEAN- 
' ING OF THE TERM "ANGLE" IN TRIGONOMETRY. THE 

TRIGONOMETRICAL RATIOS. PRACTICAL APPLICATION. 

INSTRUMENTS FOR SURVEYING. 

1. Object of Trigonometry, In Trigonometry we apply Alge- 
braical symbols to establish cei*tain relations between the magni- 
tudes of the sides and angles of plane rectilineal figures. These 
relations are useful for aU the higher branches of Mathematics, 
and are specially applicable to surveying, and to determining 
the heights and distances of inaccessible objects. In the present 
treatise we shall confine ourselves to the simpler relations, and 
some practical applications of them. 

We must first consider the mode of estimating algebraically 
the magnitudes of lines, areas, and angles. 

2. Measurement of lines. As lines have neither breadth nor 
thickness we have only to measure their length. To do this we 
take some standard length, as one foot, one inch, five inches, or 
any other definite length as our unit of measurement; and the 
length of any line is then measured and represented by the 
number, whether whole or fractional, of these units which it 
contains. Thus if 5 inches is our unit, a line of 20 inches is 
measured by the number 4, and is called the line 4, that is, the 
line whose length is 4 times the unit of length. So also the line 
a would be the line whose length is a times the unit of length. 

In investigations involving only algebraical symbols it is indif- 
ferent what unit is employed : but we must be careful to remem- 
ber that throughout the same investigation wo are using the same 
unit. 
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2 PLANE TRIGONOMETRY. 

Thus if two lines a, b enter into our calculations we must con- 
sider the length of the line a to be a times some unit of length, 
and of the line 6 to be 6 times the same unit. When we apply 
our general results to numerical examples we must be careful to 
consider the special unit employed. 

3. In the measurement of superficies we take the square of 
which one side is the unit of length, as the unit of superficies ; 
and then any area is measured by the number of these units it 
contains. 

N. B. The area of a rectangle whose sides contain a, b linear 
units respectively, contains ab superficial units. Also the areas 
of a parallelogram and a triangle whose bases are b and altitudes 

a are ab and -^ respectively. 

4. Measurement of angles. Since the idea of a right angle is 
simple, and all right angles are equal, it is conveniently taken as 
a standard by which to measure the magnitudes of other angles. 
But since most of the angles we have to deal with are less than 
right angles, and woxdd therefore be represented by fractions or 
decimals, it is found convenient to divide it. 

In England we divide the right angle into 90 equal parts 
called degrees ; each degree is divided into 60 minutes ; each 
minute into 60 seconds. Any angle is then measured by the 
number of degrees, minutes, seconds, and decimal parts of a second 
it contains; an angle containing 27 degrees, 13 minutes, 24.53 
seconds is written thus, 27°, 13', 24".53. 

In France the decimal system is adopted. A right angle 
contains 100 grades, a grade 100 minutes, a minute 100 seconds ; 
an angle containing 33 grades, 27 minutes, 45.5 seconds is written 
thus, 33^, 27\ 45^\5. The advantage of this system is, that any angle 
can be reduced to the decimal of a grade at once, and vice versd. 
Thus 33^, 27\ 45".5 = 33^.27455, and 27^35679 = 27^ 35\ 67". 9. 

5. "We will now shew how to change our unit from degrees 
to grades, and vice versd. 

Let D be the number of degrees in any angle ACB^ G the 
number of grades in the same augle ; tlien since the number of 
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degrees in two angles must beiar to one . another the same ratio 
which the angles themselves do, we hare 

angle AGE _ D ^ 
a right angle 90 ' 



for a like reason 



angle ACB G 



^^^^^S=m 



a right angle 100 * 

fi-om which equation, if we know the num- 
ber of degrees, we can find the number of grades, and vice versd. 

There is also another mode of measuring angles, called Circular 
measure. For an account of this, the student may, if he pleases, 
turn at once to Section VIII, Articles 65 — 69, and to the Examples 
A, appended to that section. 

6. Use of signs + and — to represent contrariety of position. 
In applying Algebra to the solution of Arithmetical Problems, 
we frequently meet with negative results, which require inter- 
pretation in each particular case; we shall meet with similar 
results in Trigonometry ; and the question arises, how are we to 
interpret a negative quantity when it represents a line or angle I 

Suppose BAB'y DAD' to be two lines at right angles to one 
another and fixed in position. 

D 



't / 



Let AB = a, £G = h, AO = x; then, representiag the relation 
between these lines by Algebraical symbols, w© have 

x = a — b. 
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Kow SO long as 5 < a, a; is positive, and G lies to the right oiA : 
but if 6 > a, a; is negative, and G lies to the left of A : that is, in 
using Algebraical symbols, if we arrive at a negative quantity 
representing a line, the natural interpretation appears to be, that 
the line must be considered as measured in an opposite direction 
to. what it would be if the quantity representing it were positive. 
Hence we are led to the following convention : any line measured 
along AB or parallel to it is said to be a positive line, and any 
line measured along AB^ or parallel to it is said to be a negative 
line, and the symbol representing it must have the sign — placed 
before it. So also lines measured along AD are positive, and along 
AD' negative. Lines measured in any other direction, not parallel 
to either of these two, will be considered positive. The advantage 
of these conventions will appear to the student as he proceeds. 

7. Mdgnitudea of angles unlimited in Trigonometry, 




In Euclid the magnitude of an angle is the absolute amount 
of the inclination of the two lines which contain it, to each other ; 
this amount can never exceed two right angles. In Trigonometry 
the idea of an angle is extended. Suppose A OA! to be a lino fixed 



MEANING OF THE TERM "ANGLE." 

in. space, and OP to be a line revolving from its origina! position 
OA towards OB, and tracing out the angle AOP : till OP reachea 
OA', this angle does not differ from Euclid's idea of an angle, be- 
cause it i3 less than two right angles ; hut when OP has paaaed 
OA', and arrived at such a position aa OP^, the Trigonometrical 
idea of the angle differs from Euclid's : Euclid would now 
measure the angle AOP^ by the amount of inclination of OP^ to 
OA, that is, he would consider it as less than two right angles ; 
but in Trigonometry we consider it as the angle actually described 
by the revolving line OP, that is, as 180" + / J'Oi*,. So also 
when the revolving line reaches 0P„ the Ti'igonomotrical angle 
AOP^ wiU he 270° + / B'OP, ; and when OP has passed its initial 
position OA and reached 0/", a second time, the Trigonometrical 
angle AOP, will be 360° + ^ JOP,. Thus if AOP^ is 30', then 
AOP, is 150", AOP^ ia 210°, AOP^ is 330°; and in the second 
revolution, when OP has reached OP,, the i AOP, ia 390°. The 
same plau for estimating the value of the angle extends to any 
number of revolutions of OP, and in this sense the magnitude 
of an angle in Trigonometry isunlimited. 

If the line OP on starting from OA had revolved in the 
opposite direction, towards OS, then in accordance with the 
principle laid down in Art. 6, we should have considered the 
angle described as a negative angle ; and we have the same 
convention for angles that we have for lines, viz. that angles 
measured upwards from OA towards OB are positive angles, and 
angles measui-ed downwards fi-om OA to OB' are negative angles, 
and have the sign — placed before the symbol representing them. 

The same position of the line OP may he considered as 
making either a positive or negative angle with OA. Thus when 
OP ia at OP^, it may be supposed to have revolved either in 
a positive direction through OB, OA,, or in a negative direction 
through OB,, i.e., JOP, may be either 210° or -150°. 

01)8. The space between OA and OB is called the first 
quadrant ; when OP lies between OA and OB, the angle AOP is 
said to be an angle in the first quadrant, So also angles AOP,, 
A OP, , A OP^ are angles in the second, third, and fourth quadrants 
respectively. 
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8. Complement; Supplement The complement of an angle 
is that angle which must be added to it to make it equal to a 
right angle. Thus the complement of 

30* is 60°, of 120° is - 30°, of- 75° is 165°. 

The supplement of an angle is that angle which must be 
added to it to make it equal to two right angles. Thus the 
supplement of 

30° is 150°, of 220° is - 40°, of- 75° is 255°. 

It is evident that in a right-angled triangle one of the acute 
angles is the complement of the other ; and in any triangle any 
one of the angles is supplementary to the sum of the other two. 

9. Trigonometrical Ratios, Having now shewn how lines 
and angles are to be measured in Trigonometry, and the interpre- 
tation which is to be given to the signs + and — when applied to 
quantities that represent them, we will proceed to shew how lines 
are connected with angles : this is done by means of what are 
called Trigonometrical Ratios. 

Let the revolving line OP {^g. Art. 7) have come into any 
position OP^ , OP^^ . . ., and from Pj , P^, . . ., drop the perpendiculars 
PjiT, jPjJ/, .... upon the initial line OA, or OA produced backwards 
to A' ; the triangles P^NO^ jP^M?,.... will be right-angled tri- 
angles. We then have the following definitions. 

The ratio of the perpendicular to the hypothenuse is called the 
sine of the angle described : that is, 

P^N PJd 
OP^' OP,'"' 

are the sines of the angles AOP^, A OP,, ... respectively. 

The ratio of the base to the hypothenuse is called the cosine of 
the angle, that is, 

OJSr OM 
OP,' OP,'"' 

are the cosines of AOP, , AOP,,, . . . respectively. 
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The ratio of the perpendicular to the base is called the tangent 
of the angle, that is, 

ON' OM '•••• 
are the tangents of AOP^, AOF^, .... respectively. 

The ratio of the base to the perpendicular is called the cotan- 
gent of the angle, that is, 

ON OM 
I*^N' F^M'"" 

are the cotangents of A OP ^, AOP^y .... respectively. 

The ratio of the hypothenuse to the base is called the secant of 
the angle, that is, 

0P\ OP^ 

ON ' OM ' '" 

are the secants ofAOP^y AOF^,... respectively. 

The ratio of the hypothenuse to the perpendicular is called the 
cosecant of the angle, that is, 

OP, OP^ 

are the cosecants of AOF^, AOF^, ... respectively. 

These definitions are quite independent of the direction and 
number of the revolutions of OF about ; that is, they apply to 
negative angles, and to angles greater than four right angles. 

The Trigonometrical Ratios of any angle a (that is, of any 
angle which contains a degrees, grades, or any other unit we may 
employ) are usually written 

sin a, cos a, tan a, cot a, sec a, cosec a. 

10. The question here naturally arises — are these Trigono- 
metrical ratios definite quantities for any given value of the 
angle, or do they depend upon the magnitude of the revolving 
lineOPI 
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Let AOP be any angle, L e. let OF be any position whatevei 
of the revolving line. Take Q any 
point in OjP, or OP produced; draw 
FMy QN perpendicular to OA, 

Then by similar triangles PMO^ 
QNO, 

QN : ON : OQ = PM : OM : OP. 

Hence the Trigonometrical Ratios of 
the angle AOP are the same whether 
we consider OQ or OP the revolving 
line. 

So also if ES is perpendicular to OP, we have 
PS : OS : OB = PM : OM : OP. 

Hence we conclude, that, disregarding signs, the values of the 
Trigonometrical Ratios are quite independent of the magnitude of* 
the revolving line, and depend only on the absolute inclination of 
the two lines containing the angle to each other ; and so for a 
given value of the angle are determinate. 

The converse of this proposition (viz. that for a given value of 
the Trigonometrical Ratio, the angle is determinate) is only true 
with certain 'limitations, as will appear hereafter. 

Obs. . The necessity of the proviso disregarding signs will 
appear on reading the next section. 

11. Let the angle AOP (fig. Art. 7) contain a degrees, then 
PftB, and OPiN (since they either of them with AOP^ make a 
right angle) contain 90 — a degrees each. Drawing PJT' perpen- 
dicidar to OB, we have by our definitions 

P,N' ON 



^P,OB = ^ = ^P^cobAOP,, 
or sin (90® — a) = cos o. 



Again, 



tan P^OB = 



P,N' ON 



= cot AOPi, 



ON' P^N 
or tan (90* — a) = cot a, 
so also sec (90® — a) « cosec a, 
and these equations may be proved to exist for any position of the 
revolving line OP. 
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It is from these relations, viz. that the cosine, cotangent, co* 
secant of an angle, are respectively the same as the sine, 
tangent, and secant of the complement, that thej derive their 
names. 

From the same relations we also have 

sin a =3 cos (90® - a), 
tan a = cot (90* — a), 
sec a = cosec (90* — a). 

Hence we can always express a Trigonometrical Ratio of the 
complement of an angle in terms of some Trigonometrical Katio of 
the simple angle. 

12. The Trigonometrical Ratios ofW, 45*, 60*. The calcular 
tion of the values of Ihe Trigonometrical Katios of all angles is a 
matter of considerable labour, involving processes not described in 
this treatise, but they may be easily found in some particular cases. 

Let ABO be an isosceles triangle having a right angle at (7j 
then GAB = half a right angle = 45*. 

Let^(7 = aj = BG, 
then AB'=-AG'-¥BG'=^2at^ 
or AB==xJ2, 
and we have 

BG X 1 



sin 45* = 



cos 45* = 



AB''x^2'"j2' 




. .., BG X , 
tan 45* = ^^=-=!, 

AG X - 
cot45« = _g^-- = l, 

coeec45«=4^=^ = V3. 
BG X ^ 



TO 
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Again, let ABC be an equilateral triangle, then aoiglc 

^5(7=1^" = 60^ Let AD be perpen- a 

dicular to BG, then angle BAD^Z^\ 
Let BL^x, AB = 2x\ then 

AB^=AD' + BD\ 

or 4a;' = ^2>- + a», 

and therefore AD = x JZ ; and we have, -^ 

sin60«= cos30« = 4^ = ?^=:^, 

AB 2x 2 ' 




^i) 



a; 



1 



cos60«= sin30*=-r^=.-=l=^, 

AB 2x 2 ' 



tan60«= cot30* = 4S = ^^ = 



cot 60'= tan30» = 



sec W = cosec 30' « 



BD 



x 

X 



x/3, 
1 



AD xJ3 jr 

AB 2x_ 
BD" x" ' 



cosec 60'= sec30'==:S = 



AD xJ3 Jd' 

Thus we have found the values of all the Trigonometrical Ratios 
of 30', 45', and 60'. 

13. We will now assume that we know, and have an^anged 
in Tables the values of the Trigonometrical Ratios of all angles, 
as well as of 30', 45', and 60', and shew how they may be used 
to solve many interesting problems. 

Let ABC be a right-angled triangle, the right angle, 
and let angles CAB, CBA contain 
a', jS* respectively. Let the lengths 
of the sides opposite to A, B, C be 

a, 5, c respectively. Then sin a = - , or 
a = c sin a: tanas-, or a = 5 tana: 

' 
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COS a = - , or 6 = c cos a; also if j? be the perpendicular from the 
c 



P 



a 




angle G on the hypothenuse AB^ we have ^ = sin tt= - , or cp=a5; 

and similarly other relations may be found to exist between the 
sides and angles of a right-angled triangle. The student will best 
learn by practice to apply these relations to solve problems in each 
particular case; the following may be taken as an example. 

A person on one side of a river at G wishes to determine the 
height of a tower AB on the other side. 
He observes, by an instrument made for 
the purpose, the angle which CA makes 
with the horizontal line GB, (Let this 
be a.) He then places a mark at G, 
and measures the distance GD (a feet) 
at right angles to GB, and when at B 
he observes the angle ADG (J3 suppose). 
He then calculates the height of the 
tower thus ; AGD is a right-angled tri- 
angle, and therefore 

AG=GI>iaxiADG or ^C = a tan/?. 

So also ABG is a right-angled triangle, and therefor© 

AB = AGBmAGB = AG sin a. 

But AG = atsinl3f 

.*. AB = at3iDil3smou 

Hence since we know the values of a, tan )8, sin a, we can calculate 
the height of the tower. 

Ex. a = 50 yards, /3 « 45^ a = 30", 

height of tower = 50 x 1 x ^ = 25 yards. 

Instead of observing the j: ADG, we might have observed the 
I BDG (y suppose), and proceeded as follows, 

BG = DG ioJiBDG ^ a iojiy, 
AB sa BG tan AGB = a tan y tan a. 
This method would also give the breadt\i oi ^i\ife tvj^c^'RCj -=- a\»s^-^' 
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14. The two principal instruments by which observations are 
taken in surveying are the sextant and the theodolite. The con- 
struction of those instruments depends on certain properties of 
light, the discussion of which falls under the science of optics. By 
the sextant we are enabled to observe the angle which any two 
objects subtend at the eye of the observer, as for instance the 
angle ADO in the case above. 

By the theodolite we can observe the elevation of any object, 
that is to say, the angle which the line joining the object and the 
eye of the observer makes with the horizontal plane, as the angle 
ACB in the case above. We can also observe the angle which 
two objects in the same horizontal plane subtend at the eye of the 
observer; the sextant might do this, if we knew that the objects 
were in the same horizontal plane; the theodolite tells us that 
they are, as well as the amount of the angle they subtend. When 
an object is lower than the observer, the angle which the line 
joining it and the eye of the observer makes with the horizontal 
plane is called its depression. 



EXAMPLES. (A). 

1. Find the number of degrees in the angle 17^, 34\ 27'\ 
We have 17', 34\ 27^' = 17^3427, 

and ^ = j^ , or i> = j~ X 17.3427 = 15.60843 degrees 

= 15^ 36', 30".348. Ana. 15^ 36', 30".348. 

2. If 7 feet is the unit of length, by what number is 1421 
yai'ds represented 1 Ana, 609. 

3. If 3 inches is the unit of length, what is the unit of 
superficies) Ana. 9 square inches. 

4. If 1728 square inches is represented by the number 108, 
what is the unit of length] Ana, ^ inches. 
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5. Reduce to grades, &c. the following angles, 30"; 22*, 30'; 
18*; 29^ 30'; 37S 22', 19". 

Answers. Z3', 33V 33".3; 25^; 20*^; 32'', 77', 77^7; 4P, 52\ 43''||. 

6. Reduce to degrees, &c. the angles, 27'', 5\ 22''; 46'', 17', 19'\ 

Answers. 24^ 20', 49".128; 41^ 33', 16".956. 

7. What is the unit of moasuroment when 66| grades is 
represented by 20 ? Ans. 3 degrees. 

8. If -th of a right angle be the unit, what is the value 
of an angle 5.09296 in degrees? Ans. 57.2958. 

9. Find all the angles less than a right angle, which can be 
expressed by an integral number both of degrees and grades. 

10. Find the complements and supplements of the following 
angles, 27'^; 29^ 13', 15"; 47^ 29', 47"; 107^ 22'; 84^ 10'. 

11. One angle of a right-angled triangle is 10® greater than 
the other; find them. Ans. 40®, 50®. 

12. One angle of a right-angled triangle is three times as 
great as the other; find them. Ans. 67®, 30'; 22®, 30'. 

13. The three angles of a triangle are in a.p. and the com- 
mon difference is 12®; find them. Ans. 48^, 60®, 72®. 

14. Of the three angles of a triangle, one is double either of 
the other two; find them. Ans. 90®, 45®, 45®. 

15. The three angles of a triangle are in the ratio 2:3:5; 
find them. Ans. 36®, 54®, 90®. 

16. In a triangle, twice the difference between the first and 
third angle is equal to the sum of the second and third ; and the 
third is equal to three times the difference between the first and 
second ; find them. Ans. 80, 70, 30. 

17. In the isosceles triangle of Euclid iv. 10, find the angles. 

Ans. 36®, 72®, 72®. 

18. The vertical angle of an isosceles triangle being 80®, find 
the other angles. Ans. 50". 
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19. The sides of a right-angled triangle are in A. p., shew that 
they are in the ratio 3:4: 5. 

20. If one angle of a right-angled triangle is 39", and the 
hypothenuse is 7 feet, find the other sides. 

Ana. 4.4052428, 5.440022 feet. 

21. If one angle of a right-angled triangle is 26®, and the 
side adjacent to it 5 feet, find the other sides. 

Ans. 5.5630095, 2.438663 feet. 

22. If one angle of a right-angled triangle is 37®, 10', and 
the side opposite to it 124 feet,, find the other sides. 

Ans. 205.25193, 163.5614684 feet. 

23. If the two sides of a right-angled triangle are 30 feet and 
40 feet, find the hypothenuse and the angles. 

Ans. 50 feet j 36®, 53'; 53®, 7'. 

24. If the hypothenuse and one side of a right-angled triangle 
are 13 feet and 5 feet, find the other side and the angles. 

A71S. 12 feet j 67®, 23'; 22®, 37'. 

25. If two sides of a right-angled triangle are 6 feet and 
8 feet, find the perpendicular on the hypothenuse from the right 
angle. Ans. 4.8 feet. 

26. If one angle of a right-angled triangle is 25®, and the 
hypothenuse 7 feet, find the perpendicular on the hypothenuse. 

Ans. 2.6811554. 

27. A ladder is set 4 feet from a wall, and just reaches a 
window 20 feet from the ground, find its length. 

Ans. 20.39... feet. 

28. The length of an upright stick is 6 feet, and the length 
of its shadow 12 feet, find the altitude, or angle of elevation, of the 
sun. Ans. 26®, 34'. 

29. The length of a kite string is 300 yards, and the elevation 
of the kite is 32®, find its height. Ans, 158.97579 yards. 

30. A person in a balloon whose elevation is 37® drops a stone, 
which falls 560 yards from the observer, find the height of the 
balloon. Ans. 421.990296 yards. 
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2 

31. Ck)iistruct the angles whose tangents are 3, and ^ respeo- 

tively. 

1 3 

32. Construct the angles whose sines are ^ and ■= respectively. 

33. A church tower on the side of a river is 200 feet liigh, 
and its elevation from the other side is 29®, find the breadth of 
the river. Am. 360.80956 feet. 

34. A hill whose slope makes an angle of 12® with the 
horizon is one mile long, find the height of the hill. 

Ana. 1097.773776 feet. 

35. If the road up the hill in the last question were made 
obliquely so as to be two miles long instead of one, find the incli- 
nation of the road to the horizon. Arts, 5®, 58'. 

36. The elevation of a tower is 30* to a man 6 feet high, 140 
feet from the foot of the tower, find its height. 

Ana. 86.8 feet nearly. 



EXAMPLES. (B). 

1. Construct the angle whose sine is -j^ . 

Take BD (fig. Art. 12) = x, then AD = xJ3; with centre JB, 
distance equal to AD, describe a circle meeting AD in H, join BJS, 
then 

sini?^i)=^=..^=i-, 

and the angle BED has been found as required. 

2. Find the linear unit, when an acre is 100,000 square 
units. Ana. 1 link. 

3. If a rectangle 3 yards long by 2 broad be taken as the 
unit of superficies, what quantity will represent 2 square feet ? 

Ana. ^ 
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4 How is 37 yards, 2 feet, 8 inches represented, when the 
unit of length is 4 inches 'I Ans. "By 341. 

5. If the angle of an equilateral triangle be taken as the 
unit of measurement, how many degrees will be contained in the 

angle .3 ? 

6. Find the number of grades in 27^ 35', 24". 

Ans. 30^65. 

7. What is the supplement of 227^ 35\46'' 1 

8. The complement of 45® «fc a is 45® «f a. 

9. The difference of two acute angles of a right-angled tri- 
angle is 8®, find the angles. 

10. The vertical angle of an isosceles triangle is a\ find the 
angles at the base. 

11. The length of a person's shadow is twice his height, find 
the altitude of the sun, having given tan 26®, 34' = .5. 

1 2. Shew that (sin 60® - sin 45®) (cos 30® + cos 45®) = sin" 30®. 

13. Shew that (sin 30® + cos 30®) (sin 60® - cos 60®) = cos 60®. 

1 i on. ^1. X sin 45® - sin 30® , . .,. ^ . ^..^ 

14. Shew that . ,^^ ^—^rrrr = (sec 45® - tan 45®)*. 

sm 45® + sin 30® ^ ' 

15. Determine the height of an object whose elevation is 40®, 
the observer being 140 feet distant, and his eye 5 feet from the 
ground, having given that tan 40® = .85. 

Ans. 124 feet. 

16. Construct the angle whose tangent is ^'2. 

/2 — 1 

17. Construct the angle whose sine is -^^r — • 

18. A ladder of length I is placed against a wall so that the 
angle it makes with the ground is double that which it makes 
with the wall : find how far from the wall the foot of the ladder is. 

Ans. ^ . 
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19. The town G is halfway between the towns B and B \ and 
the towns (7, E^ F are equidistant from each other. If distance 
from 2> to J^ is 12 miles, find the distance from D to F. 

Ana, 6 ^3 miles. 

20. A ladder 20 feet long just reaches the top of a wall when 
its foot is 13 feet from the foot of the wall; shew that when its 
foot is 5 feet from the wall, the ladder projects 4 feet beyond the 
top of the wall. 

21. In a right-angled triangle the lengths of lines drawn from 
the acute angles to the middle points of the opposite sides are 
d, d' respectively. Find the sides of the triangle. 

22. A person travelling southwards observes two objects 
towards the S.E. After 8 miles travelling, one of them is N.E., 
and the other E. Their distances from him are then 4 ^2 miles, 
and 8 miles respectively. 

23. Whilst sailing due West, I observe two ships at anchor 
directly North of me : after sailing 6 miles the directions of the 
ships make angles 60*, 30*^ with my course respectively. The dis- 
tance between them is 4 ^73 miles. 

24. A staff 1 foot long stands on the top of a tower 200 feet 
high. Shew that the angle it subtends at a place 100 feet from 
the foot of the tower is 6'. 

Given tan 63'. 27'= 2, tan 63*. 33'= 2.01. 

25. The angles of depression of the top and bottom of a 
column observed from a tower 108 feet high are 30®, 60° respect- 
ively. Shew that the height of the column is 72 feet. 

26. From the top of a column 100 feet high, the angles of 
depression of two objects in a line with the colimm, and in tlie 
horizontal plane on which the column stands, are observed to be 

30* and 60*. The distance between them is -r^feet 

B.T. ^ 
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27. The length, of a road, in which the ascent is 1 foot in 5, 
from the foot of a hill to the top is a mile and two-thirds : what 
will be the length of a zigzag road in which the ascent is 1 foot in 
12? Am. 4 miles. 



EXAMPLES. (C). 

1. The same line is represented by m and n in two systems 
of measurement, compare the units of length in the two systems. 

2. What is the greatest unit of length with which .625 feet 
may be represented by an integer ? 

3. Find the number of French minutes in one English minute, 
and the number of French seconds in one English second. 

Ans. r. 851, r. 086419753. 

4. The angles of a triangle are in a. p. ; shew that one of 
them must equal 60®. 

5. The supplement of one angle of a triangle is double the 
complement of another, and triple that of the third : find the 
angles. Ans. Sl^fr, 40^?, 57iV degrees. 

6. If with two units of angular measurement differing by 
10^ the measures of an angle are as 3 : 2, what are those units ) 

Ans. 20^, 30^. 

7. If the measure of an angle equal the sum of the number 
of degrees and half the grades in it, what is the imit of angular 

'• (n) • 



measure ? Ans. 



8. Three angles are in A. p. The number of grades in the 
greatest is equal to the number of degrees in the sum of the other 
two : shew that the angles are in the ratio 11 : 19 : 27. 

9. In an isosceles triangle whose sides are a, a, c, if p be the 
perpendicular from one of the angles at the base on the opposite 

c JW - c* 
side, then ;,= .^^^. 
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10. A ladder (whose inclination to the ground is a) just 
reiujhes the top of a wall; at a distance a feet up the ladder 
the wall subtends an angle 2a ; shew that the height of the wall 
is 2a sin a. 

11. A person observes the angular elevation of a column; 

afler approaching a feet, he finds its elevation doubled; again 

approaching b feet it is again doubled. Shew that the second 

a' 
point of observation is -^ feet from the foot of the tower. 

Ifa-h ^3, shew that the first elevation was 15*. 

12. Construct the angle whose tangent is ^5 — 1. 

13. At the foot of a mountain the elevation of its summit is 
45°. After ascending 1 mile up a slope of 30® its elevation is 

found to be 60^ The height of the mountain is -^^-^ — miles. 

14. A person at the edge of a river observes the elevation a of 
a tower on the other side ; on retreating a feet he finds its eleva- 
tion to he 3: the height of the tower is : — ^ , the breadth 

tan a — tan p 

atan P 



of the river is 



tan a ~ tan p ' 



15. A rock is observed from a ship to bear N. N. W. ; after 
sailing 10 miles in direction E.N.E. the rock is due West : its 
distance from the ship at the first observation was 10 ( ^2 — 1) 
mUes. Given tan 22 J® = ^2 - 1. 

16. A ship sailing North sees two lighthouses due East. 
After sailing an hour they are S.E., and S.S.E.; the distance 
between them is 8 miles: find the rate of the ship. 

Ans, 13.6 miles nearly. 

17. Two persons A and B start from two points distant 400 
yards. B starts at right angles to the line joining the two points 
at the rate of 90 yards a minute. A starts in a direction to catch 
B as soon as possible at the rate of 150 yards a minute ; find how 
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long he will be before he catches him, and the direction in which 

3 
he will walk, having given sin 36®. 53'= ^ . 

Ans. 3 minutes, 20 seconds. 

18. A tower is situated at the top of a hill whose inclination 
is 30*. The angle subtended by the tower at the foot of the hill 
is 15° ; and on walking a yards up the hill it is found to be 30* 

The height of the tower is —7= feet, 

V3 

19. From two points in the diameter of a circle produced 
tangents are drawn to the circle. Given the distance c between 
the points, and the inclinations a, P of the tangents to the diameter, 

c 



shew that the radius of the circle is 



Gosec P — cosec a ' 



20. A person travelling along a road observes the elevation a 
of a tower the nearest distance (a) of which from the road ia 
known ; at the same time he observes the angular distance fi of 
the top of the tower from an object in the road. The height of 

a sin a 



the tower is 



^(cos*a— cos*j3)' 



21. At three positions in the same horizontal plane distant 
from each other 60, 80, 100 feet respectively, the elevation of a 
tower is observed to be 45®; find its height. . Ana. 50 feet. 

22. Two spectators at two stations, distent 2a from each 
other, observe the elevation of a kite to bo a at each station, and 
the angle subtended by the kite and the other station to bo ^; 
shew that the height of the kite is a sec j8 sin a. 

23. A person standing on the top A of a. light-house AB, of 
known height 300 feet, observes a ship sailing from (7 to 2> in a 
straight line : he knows that CD is perpendicular to the plane 
ACBy and he observes the angles CAD = dO\ BAD^W, Shew 
that CD = 300 feet; -BZ>= 300 ^3 feet. 

24. The altitude of the sun is 45*, and it is at the point of the 
compass 60* from the south. The breadth of the shadow of a 
south wall is one-half its height. 
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25. The angular altitude and breadth of a cylindricail tower 
are observed to be a and j8 respectively ; but at a point a feet 
nearer the foot of the tower they are a', '^ respectively : find the 
height and radius of the tower. 

Afis, Height = r- > radius = ^ ,,, . 

^ cot a -cot a a B' 

cosec "I - cosec ~ 

26. A person a feet from the foot of a tower (height A) sees a 
mountain summit in a line with the top of the tower. At the foot 
of the tower the elevation of the mountain is a: shew that 
the height of the mountain is 

ah 
a — h oot a * 

27. An embankment (the height of whose summit is c) stands 
on a plain, and a man looking directly up the slope of the embank- 
ment just sees the top of a tower on the plain : when at distance 
a from the summit the man's eye is level with the summit, and 
when at the distance h from the summit he can just see the foot of 

the tower. Shew that the height of the tower is -, . 

a — b 
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SECTION II. 

TRIGONOMETBICAL BATIOS OF ANGLES GREATER THAN 90». 
RELATIONS AMONGST THE RATIOS. CHANGE IN SIGN AND 
MAGNITUDE OF THE RATIOS THROUGH THE FOUR QUA- 
DRANTS. CHANGE FROM POSITIVE TO NEGATIVE IN- 
FINITY. OTHER TRIGONOMETRICAL RATIOS. 

15. We now proceed to express the Trigonometrical RatioB 
of all angles in terms of Trigonometrical Batios of positive angles 
less than a right angle. 

We will first find the Trigonometrical Batios of the supple- 
ment of an angle. 

Let A'OP^ = AOP^ absolutely (fig. Art. 7) : then AOF^ is the 
supplement oiAOP^ or o, that is, -40P^= 180*- a. 

Let ON = x, P.N^y, OP^^r, 

then OM=-'X, P,M=y, OP^=^r. 

Hence Bin(180*-a) = ^ = sina, 

— X 
cos (180® — a) = — = - cos a, 



tan(180*-a) = -?^ = -tana, 
cot (180*- a) = — = - cota, 

T 

sec (180* - a) = — = - sec a, 

"~ X 

cosec (180*-a) = - = coseca; 



[». 



which equations give the Trigonometrical Eatios of the sappli 
ment of an angle, in teims of the Trigonometrical Batios of the 
simple angle. 

We may observe that they all change in sign except the sine 
and cosecant. 
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16. We will next find the Trigonometrical Ratios of a 
negative angle. 

Let AOP^ = AOF^ absolutely : then AOP4, = - a ; 
also ON^x, PJ^^-y, OP^^r. 

— ff/ 
Hence 8in(-a) = — ^ = — sina, 

COS (— a) =- = cos a, 

/ \ — y 

tan {— a) = — = - tan a, 

X 
X 

cot (— a) = = — cot a, 

sec (— a) = - = sec a, 

' X 

oosec (- a) = — = — cosec a : 

^^ 
which equations give the Trigonometrical Batios of a negative 

angle in terms of those of the positive angle of the sam^ absolute 

magnitude. 

We may observe that they all diange in sign except the 
cosine and secant. 

17. Let AVP^ = uiOPj = a, then A OP^ = 180' + a, 
also 03£=''X, P^M^-y, OP =r. 

Hence sin (1 80* + a) = — - = - sin a, 

T 

COS (ISO* + a) = — = - COS a, 



tan(180*+ a) = — ^ = tan a, 

"" X 

cot (180* + a) = ^ =cot o, 

8eo(18V + a)=- — = -seca, 
cosec (180* + a^ = — = - cosec a. 



24 PLANE TRIGONOMETBY. 

Here all tlie ratios change in sign except the tangent and oo> 
tangent. 

18. It is evident that, when the revolving line OP has reach- 
ed OP, the second time, that is, has described the angle (360* + a), 
all the Trigonometrical Ratios are the same as those of the angle a, 
for the triangle which determines their values is identical in the 
two cases. The same remark applies to any number of revolu- 
tions, so that we may saj generally that the Trigonometrieal 
Batios of (n . 360' + a) are equal severally to those of a. 

19. The formulae in Articles 12, 15, 16, 17, 18, have been 
proved for the case in which a is less than 90'; that they are true 
for all values whatever of a the student may satisfy himself by 
drawing figures to represent the diiSerent cases : for a more logical 
proof that ihese forms are true for all angles whatever he must be 
content to wait till he is further advanced, as the reasoning is of 
too subtle a nature for the present. 

These formulae may also be classed as follows : 
8ina= sin(180'-a) = -sin(180' + a)=-sin(-a) 

= sin (w . 360' + a), 

cos a = - cos (1 80* - a) = - cos (1 80* + a) = cos (- a) 

= cos (w . 360* + a), 

tana=-taii(180*'-a) = tan(180« + a)=-taii(-a) 

= tan (w . 360* + o), 

cot a »= - cot (180'-a) = cot (180^ + a) = -cot (-a) 

= cot(w.360« + a), 

sec a = - sec (180*- a) = -sec (180* + a) = sec (- a) 

= sec (w . 360* + a), 

coseca= cosec (180*-a)«»-cosec(180* + a) = -cosec (-a) 

= cosec (w . 360* + a). 

We obtain also from the above formulae the signs which the 
Trigonometrical Batios of any angles must have according to the 
quadrant in which their bounding line is situated. 

20. We are now in a position to express the Trigonometrical 
Batios of any angle whatever in terms of the Batios of a poaitiYe 
angle less than 90^ 
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If the angle is negative make it positive hj formulae in Art. 16. 

If the angle is greater than 360^, suppress 360^ as often as 
necessary to make it less than 360* by Art 18. 

If the angle is now greater than 180®, suppress 180* by Art. 17. 

If the angle is now greater than' 90* take its supplement by 
Art. 15. 

When the angle is negative labour is sometimes saved by 
adding 360® once or ofbener, till the angle is positive, instead 
of using Art. 16. 

Ex. tan 995* = tan 275® = tan 95* = - tan 85®, 
cosec (- 995®) = - cosec 995® = - cosec 275* = cosec 95® = cosec 85®, 
or thus, cosec (- 995®) = cosec (1080® - 995®) = cosec 85^ 

21. !Prom the formuls in Arts. 15, 16, 17, 18 we deduce the 
following, which are true for all values of the angle, 

sin a cosec a = 1, 
cos a sec a = 1, 
tan a cot a = 1. 

T sin a 



Also in the first quadrant tan a = - = - = 



X 5 cos a ' 
r 

y 



y T sin a 

in the second quadrant tan a = -^— = ~- = , 

^ -03 05 cos a 



in the third quadrant tan a = — = — = , 

^ —05 35 cos a 



in the fourth quadrant tan a = 



^1 
— y r sin a 

X X ""cos a 

r 
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nitude of the Trigonometrical Ratios as the angle (fig. Art. 7) 
AOP or a passes through all values from 0' to 360^ Let 

ON=x, PN^y, OF^T, 

for all positions of OF : then r is always positive and never less 
than X and y^ and therefore the sine and cosine are never greater 
than 1, and the secant and cosecant never less than 1 : and since 
X and y may have any ratio to each other, the tangent and cotan- 
gent may have any values whatever. 

When OF coincides with OA^ a5 = r, ^ = 0. 

Hence, sin 0' = - = : tanO« = - = 0: secO* = - = l: 

' X T T 

T T T 

COS 0* = - =5 1 : cot 0* =7r = 00 : cosec 0* = - « oo . 
r ' 

As OF revolves from OA to OB^ x diminishes, y increases, 
and both are positive; hence the sine, tangent, secant increase, 
the cosine, cotangent, cosecant diminish, and they are all 
positive. 

When OF coincides with OBy x = 0, y=^r. 

Hence, sin 90« = -=:l : tan90' = ^ = oo: sec 90'' = ^ = oo : 

r 

cos90* = -=0: cot90»=- = 0: cosec 90* = -= 1. 
r ' r ' r 

As OF revolves from OB to 0A\ x increases and is negative, 
y diminishes and is positive ; hence the sine, tangent, secant 
diminish, the cosine, cotangent, cosecant increase; also the sine 
and cosecant are positive, the rest negative. 

When OF coincides with 0A\ a; = — r, y = 0. 

Hence, 

sinl80* = - = 0; tanl80o= — =0: secl80' = — «-l : 
cosl80« = ^=-l; cot 180" = ':^ = - 00 ; cosec 180" = g = oo. 

As OF revolves from OA' to OB, x diminishes and is negative, 
y increases and is negative ; hence the sine, tangent, secant increase, 
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and the cosine, cotangent, cosecant diminish, also the tangent and 
cotangent are positive, the rest negative. 

When OF coincides with OB^ as =» — 0, y^ — r. 

Hence, 

8in270« = — = -1; tan 270"=^ = oo : sec270*= -^ = -oo : 
T -0 - 

cos270«=— = 0;cot270^=— = 0: cosec 270« = — = - 1 . 
r — r — r 

As OP revolves from OB to OA, x increases and is positive, 
and y diminishes and is negative. Hence the sine, tangent, 
secant diminish, and the cosine, cotangent, cosecant increase; 
also the cosine and secant are positive, the rest negative. 

When OF coincides with OA the second time, the values of 
the Trigonometrical Ratios become equal to those of 0^ 

24. We have used above the relation aj = — 0, and so made 

sec270« = -=^ = -oo, 

05-0 

instead of + oo which it would have been if we had put x = 0. 
The reason of this is, that x has been continually diminishing and 
negative, and therefore the secant has been a continually increas- 
ing negative quantity; and we have thought it better to say that 
as the angle reaches 270®, the secant becomes an infinitely great 
negative qiiantity. If however the line OF had approached the 
position OB from OA, by revolving in the negative direction, 
the secant of the angle — 90® would be + oo . 

Thus for the same position of OP, supposed to revolve in 
opposite directions to reach this position, wo have two values 
of the secant of the angle of opposite signs. In fact, positive and 
negative infinity seem to have a near approach to each other, for 
we find the Ratios which become infinite always pass from one to 
the other. The case above and similar ones are only in accordance 
with our preceding formulae; for since 270® and —90® are supple- 
mentary angles, it follows that their secants should be equal and 
of opposite signs. 
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The following illustration may help to remove the difficult? 
from the Student's mind. 

Let CA be drawn pei-pendicular to AB a line of unlimited 
length, CD drawn through G to meet AB hi D. Jj&t AD-t. 




Now if angle A CD is made gradually to increase, the value of i 
increases without limit and is positive till ACD becomes a right 
angle. As soon as ACD becomes greater than a right angle, the 
value of X becomes suddenly an infinitely large negative quantity, 
and then diminishes to zero. The change in position of the point 
D for a small change in the revolving line, becomes infinitely 
great at this position of the line, though in general it is but 
gradual. 

25. Besides the Trigonometrical Ratios above enumerated, 
the following are sometimes used. 

The versine of the angle, which equals 1 — cosine, that is, 

vers a = 1 - cos a. 
The coversine, which is the versine of the complement, that is, 
covers a = 1 — cos (90 — a) = 1 — sin a. 

The su versine, which is the versine of the supplement, that is, 
suvers a = 1 - cos (180 - a) = 1 + cos a. 

Also the chord of the angle, which is twice the sine of half the 
angle, that is, 

chd a = 2 sin ^ . 

If we turn to fig. Art. 7, we see that 

AN BN' A'N 

vera a = -Tp:, , covers a = -j-rr , suvers a = . ^ - ; 
AO AO AO ' 

AP 
and if ^P, be joined, chord o- = —rn* 
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III 26. The following notation is also used : ' if the sine of the 

angle a is a, that is, if sin a = a, then the angle whose sine is a is 
written sin"* a, that is, assin-'a; and so for the other Trigono- 
metrical Katios. 

Also, since a = sin~*<a& ; .*. sin a = a, cos a = ^1 - a*, 
tan a = — == . Hence a = sin'^a = cos~^ ^i - a* = tan~* »- — • 



EXAMPLES. (A). 

1. Express in the corresponding Trigonometrical Batios of 
angles less than 90^ sin732^ sin 245 P, cos674^ cos (-424<>), 
tan582^ tan (- 1975''), cot873«, cosec565^ sec (- 1892°). 

Atis, sin 12^ - sin 69^ cos 46^ cos 64^ tan 42«, tan h\ -r cot 27^ 
- cosec 25'', ~ sec 88\ 

3 

2. If sin a = K » ^^^ ^^ ^ ®®^ **> ^^ ^* 

A ^ 1 1 . 3 

AnB, cos a = ^ , sec a = 1 -7 » tan a = -r . 

o 4 4 

5 

3. If cos a = — , find sin a, cosec a, cot a. 

Ans, sm a = Yo^ , cosec a = 1 t-j > cot a = — . 

4 

4. If sec a = 3 - , find tan a, sin a. 

7' ' 

A ^ „3 . 24 

Ans, tan a = 3 = , sm a = ^ . 

5. If tan a = 2 ^ , find sec a, sin a. 

A „3 . 12 

AnB, sec a = 2 ^ , sm a = ^^, 

6. If sin a = - , find the other Ratios. 

o 

2 1 3 

AnB, cosa= s -s/2, tana= j ^2, cota= 2^2, seca = ^ ^2, cosec a =3. 



20. 



sin' a 



32 PLANE TRIGONOMETRY. 

2 

7. If tan a = n , find sec a, sin a, vers a. 

' ^/13 . 2 ^13 ^3 

Ans. sec a ■= -^^^ , sin a = — ,. « , vers a = ^ - ., ^ — . 

8. In questions 4, 5, 6, 7 find the values of a from the Tables. 

Ans. 73^ 45'; 67% 23'; 19^ 28'; 33«, 41'. 

Prove the truth of the following equations. 

9. sin a covers a (1 + cosec a) = cos* a. 

Here sin a covers a ( 1 + cosec a) 

- . /l+sina\ , 

= sm a (1 - sin a) ( — : 1 = 1 - si 

' \ sin a / 

= cos'a. Q.E.D. 

10. cos a tan a + sin a cot a = sin a + cos a. 

1 1. cos a cosec a = cot a. 

12. (1 + tan' a) cos* a = 1. 
sin a sec a - 

kO, 7 = i. 

tana 

1 4. (cos a tan a)' + (sin a cot a)' = 1. 

- ^ cos a 

15. -; 75— - = tan a. 

sm a cot a 

- ^ sec* a — 1 . J 
lb. Tfl =sm a. 

sec a 

- - cosec* a — 1 „ 
1 7. a — = cos* a. 

cosec a 

18. (sec* a - 1) (cosec* a - 1) = 1. 

19. sec a cosec a (cos* a — sin* a) = cot a - tan a. 
sin a sec a tan a 



cos a cosec a cot a 
sin a cos a 



21. -I ZZZ — s= sin* a - sin* a. 

sec a cosec a 

22. sec* a + cosec* a = sec* a cosec* ou 
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23. cot* a — cos' a = cos' a cot' a. 

24. cos* a — sin* a = cos' a — sin* a. 

25. tan a + cot a = sec a cosec a. 

26. cos a vers a (1 + sec a) = sin' a. 

27. 8in*a(l-»-7icot'a) = cos'a(rn-tan*o). 

28. (sin a + cos a) (tan a + cot a) = sec a •«- cosec a. 

29. tan (— a) sec (— a) = :^ , 

^ ' ^ -^ vers a — 1 

30. If tan (a + )3) = tan (^ + <^), then tan (a- ^) = tan (<^ -)3). 



EXAMPLES. (B). 
1. Ktana=|, thensina=-^^^,cosa=-^^ 



for sin a = 



b 
land a 



V(l +tan' a) //j ^ b^\ " J{a' + b') ' 



cosa = 



^(1 + tan'a) 



7M) *■*'■'■ 



2. If tan = i , find sin 0, cos 0, 

1 — tan a 

. - 1 + tan a 1 + tan a 1 , . v 

sin 6 = -TTTvTi — 1 — J— r» = TT = — T (cos a + Sin a), 

;y{2(l + tan*a)} seca.^2 ^2^ ^' 

^ 1 — tan a 1 , 

cos^ = -TToTi — I — «— TT= — TH (cos a - sin a). 
^{2(1+ tan' a)} J2^ ' 

3. If sin a = .3, shew that tana^-^2, cota=2^2, 

3 

sec a = 2 is/2. 

RT. ^ 
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4. If tan a = . 3, find sin a, cos a, cosec a, vei's a 



^ru>. 1^(10). ^V(10), V{10), ^» 



Prove the truth of the following equations : 

sin a cot a __ cosec a 
tan a ' cos a sec a 

fi / . V, 1 - COS a 

6. (cosec a — cot a)' = ■= . 

^ 1 + cos a 

sin a 

7. cot a + -z = cosec a. 

1 + cos a 

8. seca{l +coseca(cos*a — 8ina)} = cota. 

9. sin* a cos' j8 — cos* a sin* jS = sin* a — sin* )3. 

1 0. cos' a cos* j8 - sin' a sin* )8 = cos* a - sin* j8. 

1 1. cot a — sec a cosec a (1 — 2 sin* a) = tan a. 

1 2. cot* a — tan* a = (cos* a — sin* a) sec* a cosec* a. 

tan a + tan B , ^ ^ 

1 3. — : —~z- = tan a tan a, 

cot a + cot p 

iA ^ 8 4. 8 o 1 sin* a - .cos* /? 

14. tan*atan*/?- 1 = '^ 



15. 



cos* a cos" )8 
1 - tan* a tan* P cos' a — sin* /? 



tan* a tan* )8 sin* a sin* /cf 

1 6. sin* a tan* a + cos* a cot' a = tan' a + cot' a — 1. 

1 7. sin' a tan a + cos' a cot a + 2 sin a cos a = sec a coseo a. 

18. sec* a + tan* a = 1 + 2 sec* a tan' a. 

19. cosec a (sec a - 1 ) - cot a (1 — cos a) = tan a — sin a. 

2 

20. Solve the equation sin ^ cos ^ = ^ . 

4 
sin' cos* = ^; 

4 
.\ sin' ^ - sin* = —; 
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.-. sin*d-siii"^+T= --—- — ; 

4 4 25 100 ' 

... 1 3 5±3 1 4 

•. Bin ^ = — * — esa == _ or — : 

^ ^^ 2 10 10 5 5' 

Solve the following equations : 

21. 2 sin ^ = tan ^. Ans, = 0, or 60^ 

22. 2sin»^ + 4cos'^ = 3. Ans. ^ = ±45". 

23. tan ^ + 3 cot ^ = 4. Ans. 6 = 45^ or tan"* 3. 

24. 8 sin ^ = 3 cos* ^. Ans, ^ = sin-\i. 

25. 3 sin ^ = 2 cos* ^. Ans. ^ = 30". 

26. 6cot"^-4cos"^=l. Ans. ^ = *60^ 

27. sin ^ + cosec ^ = 2. Ans. ^ = 90^ 

5 

28. sec*^-:5sec^ + l=0. Ans. ^ = 60*. 

29. sec ^ = 2 tan d. Ans. 6 = 90' or 30^ 

30. Find the values of cos 585', tan 600», cosec 690^. 

31. Shew that sin~* -= =« cos~* -= = tan~* « = sec~^ „ . 

O o 

32. If sin (a; + a) = cos {x — a), find x. Ans. ' x = 45*. 

33. If sin (a — a?) == cos (a + x), find x. Ans. a; = — 45\ 

34. If tan ^ + cot ^ = 2, then sin ^ + cos ^ = ^2. 

EXAMPLES. (C). 

1. If cosec a = 1.3, find sin a, cos <i, tan €l, cot o, sec a. 
Prove the truth of the following equations : 

2. (sin' a - sin" a sin" P) (cos" a - cos" a cos" j8) 

= (sin" j8 - sin" a sin" P) (cos" p - co^' a co^* gV 



COS a. 



36 PLANE TRIGONOMETRY. 

3. sec*a tan* a (sec')8 - 1) (tan')8 + 1) = sec'/? tan"/? 

(sec'a— 1) (tan*a + 

4. sin a (1 + tan a) + cos a (1 + cot a) = sec a + cosec ou 

5. sin-g = cot->/^^-^'>. 

q p 

6. sin-?:ii=:tan-/Zl. 

7. sec* a cosec* a — 2 = tan* a + cot* a. 

8. sm(^180o + a)=- 

9. cos {{in + 2) 90<» ± a} = - cos a. 

10. If sec ^ tan ^ = 2^3, then ^ = 60*. 

1 1. If tan 6 tan <^ = 1, then sec B = cosec <f>, 

12. If ?^ = 72, ^ = V3, then a = 45», /S = 30». 

Sin p ^ tan p ^ ' '^ 

13. if_^2!^ + tan(9 = 2, ^=60*. 

1 + Sin ^ 

1 4. If cos <i = 71 sin a, cot <i = . -;^ , 

^ tanp 

then cos p = 



^(1 +n*cos''a) ' 

15. If cos a + cos 03 - y) = 0, then cos P + cos (a - y) = 0, 

and cos y + cos (a — )8) = 0. 

-.tana taniS /- — « — j-B" xi. /i tan /S 

16. If-v-77-7 — ^ = J tan* a - tan* ^, thencos^«- — ^. 

sm 6/ tan ^ ^ '^ tan a 

17. If cos a = cos )8 cos y "t sin )8 sin y cos a, 
then cos fi = cos a cos y * sin a sin y cos )8. 

18. If tan )3 = sec a sec y + tan a tan y, 

tan a + tan P tan y cos a 
tan y + tan P tan a cos y ' 



then 
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19. Prove that 

{{x - yy Bia'O - 2/'Y cos* ^ + {(a; - y)' cos' 6 - a;'}* sin' 6 
= {a;*sin'^ + y*cos*^}'. 

20. Construct the angle whose secant is (^5 — 1). 

21. Given a the difference of the lengths of the shadows of a 
•N-ertical^stick when the sun's altitude is a, )8, respectively^ find the 
length of the stick. 

K the length of the stick is a mean proportional between the 
lengths of the shadows, shew that a, p are complementary. 

22. The elevation of Cader Idris at a point in the valley near 
Dolgelly is cot"* 6 ; at Ty Gwyn, 3^ miles down the valley, it has 

the same elevation ; at a point half-way between its elevation is 

7 
oof* 5. Its height above the valley is . miles. 
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SECTION III. 

TRIGONOMETRICAL RATIOS OF THE SUMS AND DIFFEBENCES 
OF ANGLES, AND OF MULTIPLE ANGLES. EXPIiANATION 
OF THE DOUBLE SIGN IN TRIGONOMETRICAL FOBMULuE. 

27. We now proceed to determine the Trigonometrical Katios 
of the sum and difference of any number of angles in terms of 
the ratios of the simple angles. 

To find the Batios of (a + )8) in terms of those of a and p. 





A 


K 




/"^ 


/ 


/b 


^ 


"« 




> 










Ai 











j\r M 



Let AOB be any angle a, BOC buj angle )8, then AOG is (a + ^. 
In OG take any point P, and draw PiV^, FQ perpendicular to OA, 
OB respectively. From Q draw QM, QR perpendicular to OA^ 
PN: then, since RPQy RQO are each complementary to PQB^ 
therefore RPQ = RQO = QOM= a. 



And we have, 



sin (a + )8) = 



Py QM PR 

op'' OP^ OP 

QM OQ PR 
OQ' OP^PQ' 



PQ 
OP' 
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X, QM . OQ - 

therefore sin (a + )8) = sin a cos )8 + cos a sin j8 ; 

, , ^. ON OM QR 

also cos(a + /3) = ^=^-^ 

OM OQ _QR PQ 
"OQ'OP PQ' OP 

= cos a cos )8 — sin a sin )8 ; 

, , ^. sin (a + B) sin a cos B + cos a sin ^ 

also tan (a + a) = — 7 — ^ = ^ — ; r— ^ ; 

^ cos(a + )8) cos a cos )8 - sm a sin )Cj 

divide numerator and denominator of this fraction by cos a cos ^, 

and we have, 

, n\ tana + tani3 

tan (a + )8) = z — 7-^ ^ 

^ ' 1 -tan a tan p 

this might have been found directly by geometry as in the case of 
the sine and cosine. 

The sine, cosine, and tangent being found as above, we may 
find the secant, cosecant, and cotangent. 

Put )8 + y for )8 in the above form, and we have 

sin (a + )8 + y) = sin a cos ()3 + y) + cos a sin (/? + y) 

= sin a (cos P cos y — sin fi sin y) + cos a (sin p cos y + cos p sin y) 

=.sina cos)8 cosy+sin)8 cosa cosy+siny cosa cos)8— sina sin)8siny. 

Similarly the forms for cos (a + )8 + y), tan (a + )8 + y) may be 
found ; and the method may be extended to the sum of any number 
of aogles. 

28. To find the Trigonometrical Ratios of (a - p), in terms of 
those of a and p. 

Let AOB be any angle a, BOG any angle p, then AOC is 
(a-)8). In 00 take any point P, and draw PJT, PQ perpen- 
dicular to 4, OB respectively ; from Q draw QM perpendicidar 
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to OA,B,ud fromP, P2? perpendicular to QM: then PQR^QOA-^a^ 
for PQRy QOA are each complementary to OQM, 




And we have. 



sin (a — )8) = 



also, 



cos (a - )8) = 



also 



tan (a — )8) = 



PN _ QM QR 
OP " OP OP 

QM OQ_QR PQ 
OQ'OP PQ'OP 

sin a cos )8 — cos a sin )8 ; 

ONOM PE 
OP" OP"^ OP 

OM OQ PE PQ 
" OQ' op"" PQ'OP 

= cos a cos )8 + sin a.sin P ; 

tana-tan /9 



1 +tanatan)3' 



and oy means of these formulae the Trigonometrical Batios of 
the sums and differences of any number of angles may be cal- 
culated. 



29. The figures in the above proofs have been drawn so that 
all the angles are less than 90^ It is left as practice to the 
student to adapt the proof to any case whatever, and to satisfy 
himself that the forms proved are true for any angles, a logical 
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proof of whicli lie will find in more advanced treatises on the 
subject. 

Assuming the form for sin (a + )8) to be true for any values of 
a and Pj the forms for the other ratios might be deduced as 
follows : 

cos(a + )8) = sin{90-(a + )8)} = sin(90 + a + )8) (Art. 15) 

= sin (90 + a) cos p + cos (90 + a) sin P 

= cos a cos )8 — sin a sin )3, as before : 

again, putting — P for )8, 

we have sin (a - ^) = sin a cos (- P) + cos a sin (- P) 

= sin a cos p — cos a sin P ; 
also cos (a — )8) = cos a cos (— P) — sin a sin (— )8) 

= cos a cos )8 + sin a sin )9 ; 
since sin (- ^ = - sin j8, and cos (- P) = cos p. (Art. 16) 

30. In the fbrms for a + )8, let a = /?, 

then we have, sin 2a = 2 sin a cos a, 

cos 2a = cos'a — sin' a, 

^ 2tana 

tan 2a = •= =- ; 

l-tan»a' 

which give the Katios of the double angles in terms of those of 
the single angles. 

If we wish to determine sin 2a, cos 2a in terms of sin a, or of 
cos a only, we have 

sin 2a = «fe 2 sin a J{1 — sin' a), 

or = «fc 2 cos a ^(1 - cos' a), 
cos 2a = 1 — 2 sin' a, 

or =2 cos'a— 1. 

These forms may be found directly thus : 

Let AOC = BOO = a make BOA perpendicular to 00, and B^, 
CT, to OA, Then 

ABF^a, BO^CA, NT^TA, BN^WT^ 
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and we have 



sm2a = ^ = 2.^.^=2oosasma; 



also, 



cod 2a = ^(1 - sin' 2a) = ^(1 - 4 sin'a cos' a) 
= ^{i - 4 sin'a + 4 sin*o) = 1-2 sin' a, 

or directly from the figure, thus, 

« ON ^ AN ^ ^ AN BG 

cos 2a = — r= = 1 :;r-^ = 1 - 2 . 



OB OB 

= 1 — 2 sin'a, 



AB'OB 



or thus, 



ON _0T NT OT 00 AT AC 
"^^^^—Q^-Q^-QB^OGOB AG'OA 



= cos' a — sin' a; 



also 



tan 2a = 



BN 



20T 



2. 



GT 
OT 



AT GT 
GT'OT 



ON OT-NT 

2 tan a 
1 — tan'a * 



31. The double sign in the form for sin 2a may be explained 
as follows : 

Let AOF^ be the smallest angle whose sine is equal to sin a : 
then we cannot tell whether, the sin a, from which we are to de- 
termine sin 2aj corresponds to the bounding line OP^ or OP^, and 
thei-efore we ought not, if our formulae have their proper gene- 
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rality, to be able to tell whether sin 2a corresponds to AOQ^^ or 
AOQ^ile. ISO' -^ A'OQ;). 




Now since AOQ^ = 2 (ISO'^ - AOF^) = 360'* - AOQ^, therefore the 
sine of AOQ^ must be equal to the sine of AOQj^, and be of opposite 
sign, in accordance with the formulae proved above. In the same 
way, if we consider the negative angles bounded by OP^ and OF^ 
we shall find that our formulsB must correspond to the bounding 
lines OQi, OQ^, and be correct. So also if we suppose the re- 
volving line to have completed any number of revolutions before 
reaching the positions OPi, OP^. 

Precisely similar remarks will apply to sin 2a when determined 
in terms of cos a. 

The student is also recommended to examine why cos 2a, tan 2a 
have not the double sign. 

32. Putting )8 = 2a in the forms for (a + )8), we have 
sin 3a = sin a cos 2a + cos a sin 2a 

= sin a (1 — 2 sin' a) + 2 cos* a sin a 
= sin a — 2 sin*a + 2 (1 — sin'a) sin a 
= 3sina — 4sin'a ; 
80 also cos 3a SB 4 cos^a — 3 cos a. 

And similarly we may find the Hatios of an.y xoxsi^v^^ %»."^^« 
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33. If in the forms for sin 2a we write ^ for a, 
we have, sin a = 2 sin ^ cos ;r , 

also 1 =cos'- + sin'5. 

2 2 

Hence, *V(1 +sina) =cos^ + sin^ (A). 

«fc^(l-sina^ = cos^-sin| (B). 

These formulae are very useful ; the following, which are deduced 
from them, not so much so. 

Adding and subtracting (A) and (B), we have 

2 cos ^ = -b ^(1 + sin a) * V(-^ ~ "^ *)> 

2sin^ = ± ^/(l + sin a) :f ^(1 - sin a). 

Each of these expressions is capable of four values, two and 
two of opposite signs, according to the signs of the radicals : the 
reason of which may be explained in a manner similar to that in 
Art 31. In choosing practically which of the signs must be used 
in any particular case, we must return to the formulae (A) and (B), 

and inquire, what the signs of cos - , sin ^ must be, and which is 
the greatest : we can then determine whether cos 5 + sin ^ is posi- 
tive or negative, and so also, whether cos ^ — sin ^ is positive or 

negative. Having thus given their proper signs to the radicals, we 
can add and subtract the equations (A) and (B), and obtain the 

proper values of sin ^ , cos ^r . 

Ex. Let a = 296®. Then cos 148" is negative, and numerically 
greater than sin 148^ which is positive. 

Hence cos 148" + sin 148" = - V(l + ^^ 296"), 

cos 148" - sin 148" = - V(l - sin 296"), 
whence the proper signs may be given to cos 148", sin 148^. 
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34. Writing ^ for a in the forms for cos 2a, we obtain 

.a . a a 
cos a = COS -= — sm' ^ ; 



^so cos a = 2 cos' ^ - 1, 

and therefore cos | = * /(1±|?L«) , 

and cos a = 1 - 2 sin' — , 

and therefore sin | = * /(Llf2L?\ , 

which give cos - , sin - in terms of cos o. 



a . 



We may also find tan ^ in terms of tan a, but the formula which 
results is of very little use. 

35. Returning to the formulae in Arts. 27, 28, 

sin (a + )8) = sin a cos ^ + cos a sin )8, 
sin {a— P) = sin a cos )8 — cos a sin /3, 
cos (a + )8) = cos a cos fi — sin a sin )3, 
cos (a — )8) = cos a cos )8 + sin a sin p, 

we- get by addition and subtraction 

2 sin a cos )8 = sin (a + )8) + sin (a - jS), 
2 cos a sin )8 = sin (a + )8) — sin (a - ^), 
2 cos a cos )& = cos (a + )8) + cos (a — )8), 
2 sinasinj8=cos(a-)8) — cos(a + )8), 

which forms enable us when we have the product of two sines or 
cosines to replace them by the sum or difference of two other sined 
and cosines. 
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Again, in these forms let a = — ^ — , and P « — ^ — , then 
a + P = A, a — P = B: substituting and transposing, we have 

sin -4 + sin jff = 2 sin — ^r- cos — ^ — , 

sin A - sin ^ = 2 cos — ^ — sin — ^r — , 
. J, . ^ + jB A-B 

COS -A + cos JS = 2 cos jr— cos jr — , 

cos jff — cos -d = 2 sm — p; — sin — ^ — : 

2 2 ' 

these forms enable us to pass from the sum or difference of two 
sines or cosines, to the product of two other sines or cosines. 

35. bis. The following applications of the formulae proved 
in this section are very important. 

(1) sin(a + /?)sin(a-)8) 

= (sin a cos ^ + cos a sin )8) (sin a cos p — cos a sin )8) 

= sin* a cos'jS - cos'a sin*)8 

= sin' a (1 — 8in')8) — (1 - sin' a) sin'^ 

= sin' a - sin')8. 

(2) Similarly cos (a + p) cos (a — ^) = cos' a - sin')8. 

/«x . /ie'o m tan 45°* tan ^ l±tan^ 

(3) tan(45-^^)= ^^^^^,^^^ =^^^-^. 

(4) To find sin 18\ 

Let ^ = 18', then 5^ = 90*, 
.-. 2d = 90' -3d, 
.*. sin 2d = cos 3d, 
. •. 2 sin d cos d = 4 cos* d - 3 cos d, 
.-. 2sind = 4cos'd-3 
= l-4sin»d, 



I' 
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. ,^ sin^ 1 1 1 5 

... sin 18''=.^^^, 

4 

since it must be positive. The other value of sin 6 corresponds to 
the value ^ = — 54*, since in that case also sin 2B = cos 3^. 

(5) Let sin~* x = 6, sin~* y = <^> then sin ^ = a;, 
cos^ = ^(l-a;*), sin</» = y, co^<f>= J{l-y')\ 
.-. sin(^ + <^) = a;^(l-3^) + y ^(1-^'); 
.-. sin'* X + sin"* y = ^ + <^ = sin-* {x J{\ -lf)-^y J(^ - ^*)} > 
so also cos-* X + cos"* y = cos-* {ajy — ^(1 - a?*) ^(1 - y*)}, 

/«• _l_ 4/ 

and tan~* x + tan-* v = tan-* — . 

l-xy 

EXAMPLES. (A). 

1. Find the sine of 15«. 

sin 15<> = sin (45* - SO'*) = sin 45* cos 30' - cos 45'* sin 30" 
__ 1 V3 J_ 1 V3-1 



V2 ' 2 ^2*2 2^2 • 



Ans. sin 15** = ^ .^ . 



Apply the formulae in Art. 27, to prove the following. 

2. cosi5« = sin75" = ^^^. 

3. sin 15<> = cos 75« = ^^^^ . 

4. cot 15« = tan 75« = 2 + ^3. 
6. tan 15« = cot 76« = 2 - ^3. 
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2 3 8 + 3/5 

6. Ifsina=«,sin)8 = ^, then sin (a + ^) = f^" > 

C08(a + /3)= ^.^^ . 

7. If sin a = - , cos )8 = - , then sin (a + )tj) = =-^ , 

cos(a-f/3) = '^ ^^^ . 

8. If sin a = pj, sin )8 =^ , then sin (45® ■ha + P) = .. ^ . 

9. Prove the values found in questions 2, 3, 4, 5 hj means 

of Art. 28. 

10. Ifsina = ^, sin )8 = ^ , then sin (a - )8) = — f^""- 

11. If sina=^, then sin 2a = — ^— , cos2a = 3. 

12. Given sin 18* = "^^^^^ shew that sin 36'' = ^^-Z^ , 

4 4 

Prove the formulae 

13. 1 — ^ sin 2a tan a = cos' a. 

14. sin 4a = 4 cos 2a cos a sin a. 

1 5. sin 8a = 8 cos 4a cos 2a cos a sin a. 

16. sin (a + 2)8) = sin a - 2 sin a sin')8 + 2 cos a sin )8 cos fi, 

17. sin (a + 2)8) = sin a + 2 sin /? cos (a + )8). 

18. sin (a- 2)8) = sin a - 2 sin )8 cos (a - )8). 

19. cos (a + 2)8) = 2 cos )8 cos (a + )8) - cos a. 

20. cos a =t sin a = ^1 ± sin 2a. 

21. oosV — sin*a = cos 2a, 
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AA « •• i3««rt 5 + 3 COS 4a 
22. cos"a + 8m'a = l - jsm"2a = ^ 

7 + cos 4a'^ 



23. cos*a - sinV = cos 2a 



/7+cos4a\ 

V 8 ;• 



« . cos 3a — sin 3a _ « . „, 

24. : = l-2sm2a. 

cos a + sin a 

cos3a + sin3a , « • o 

25. : = 1 + 2 sin 2a, 

cos a — sin a 

2 6. cos 6a = cos'3a - sin'3a = cos 2a (2 cos 4a — 1 ) . 

27. cosec'a — sec'a = 4 cos 2a cosec'2a. 

„o cosec 2a - cot 2a , « 

260. jr- -— = tan a, 

cosec 2a + cot 2a 

on • o 2 tan a + sec a 

29. sin 2a + cos a = —^ ; — 5 . 

1 + tan' a 

QA ^4.t X 8 8 cos 2a 

30. cota — tana=;; — , 

1 -cos 4a 

rt- cosa — cos3a . 

*51. -I — 5 : =tan2a. 

sin oa — sin a 

32. By means of Art. 33, find sin 75^ cos 75*^, giving the 
proper signs to the radicals involved. 

33. In Art. 33, give the proper signs to the radicals, (1) when 
a lies between 180* and 270^; (2) when a lies between 225** and 
315^; (3) when a lies between 360* and 450^ 



34. 



- . l+tan^r 

1 + sin a _ 2 

cos a 1 . A 
1 — tan^ 



35. li:!li^-taii('45«-^V 
cos a \ 2/ 

1 + sec a __ 2 tan a 

1 + cosec a " /, a\^ 

(^1+tan^j 



36. 



37. tan -^ + 2 sin* ^ cot a = sin a. 

B. T. \^ 
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38. By means of Art 34, find sin 22}*, ooa 22}*. 

39. Shew that sin 9*=/v/i^^^3, 

cos9® = Y o ^^• 

40. Find expressions for sin 27^ sin 63*. 

Apply the formnlse in Art. 35, to prove the following. 

41. 2 sin a cos 3a = sin 4a — sin 2a. 

42. 2 sin a sin 3a = COS 2a— cos 4a. 

43. 2 sin 2a cos a = sin 3a + sin a. 

44. 2 cos a cos 2a = cos 3a + cos a. 

46. cos 3a cos 4a = ^ cos 7a + ^ cos a. 

46. 4 sin a sin 2a sin 3a = sin 2a + sin 4a - sin 6<i. 

47. 4 cos a cos 2a cos 3a = 1 + cos 2a + cos 4a + cob 6a. 

48. 4 cos a cos 2a sin 3a= sin 2a + sin 4a + sin 6a. 

49. 8 sin a sin 2a sin 3a sin 4a = 1 - cos 6a - cos 8a + oos lOo. 

50. sin a + sin 2a = 2 sin -^ cos ^ . 

51. sin 3a — sin a = 2 cos 2a sin a. 

52. cos 2a + cos 3a = 2 cos -^ cos ^ . 

7a a 

53. cos 3a — cos 4a = 2 sin -jr- sin -jj . 

z z 

KA .3a . g. J. . 7a a 

54. sin 7r-+sm2a = 2sm-7- cos-j . 

Z 4 4 

KK • o • * o 7a , 5a 

55. sin 3o - sin 75 = 2 cos -J- sin -7- . 

Z 4 4 

56. sin a + cos a = 2 sin 45^ cos (45° — a). 



f 
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57. cosa-8ina = ^8in(45^-o). 

58. cosa + coB2a + cos3aaB4coB|7COSacos-;r--l. 

59. 4cosaco8(120 — a)coB(120 + a)=cos3a. 

60. cos 9a + 3 cos 7« + 3 COS 5a + COS 3a = 8 cos" a cos 6a. 

61. If tan ?J= 2 - V3, find a. Am. o,^Z^\ 

c 1 

62. If cos 30 cos = =-^ . then sin fl = -7^ . 

lb ^0 



63. If 2sintfsin36»=l, then sin = V^^^ . 

EXAMPLES. (B). 

1. Eind the Trigonometrical Ratios of 8P, 52^^. 

2. Eind the Trigonometrical Eatios of 7^^ 105^ 

3. If a + i8 + y=180^ 

tan a + tan j3 + tan y = tan a tan j3 tan y ; 

we have tan(a + j8) = tan(180^-y), 

tana + tanj3 

or -=. —7^ = — tan v, 

l-tanatanj8 ^' 

or tan a + tan j3 + tan y = tan a tan jS tan y. Q. s. D. 

Prove the formulaB, 

A ^ / «/»x tan a -♦•2 tan jS- tan a tan* jS 

tan 3a _ 3 — tan* a 
tan a 1 — 3 tan*a ' 

6. cos 4a = 8 cos* a - 8 cos* a + 1 . 

7. cos (a + j8) sin (a- j8) = sin acos a - sin j8 cos)8. 

8. sin(a-j8)siny-l-sin(j8-y)sino + sin(y-a)sinj8 = 0. 

9. sin (a + /3) cos o - cos (a -I- j8) sin a = sin j3. 
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10. cos a + cos (a + 2)8) = 2cos(a + j8)cos)8. 

11. cos )8 cos (2a + ^) = cos* (a + )8) - sin* a. 

12. «i^i^±^!!?^ = tan'a-W)8. 

COS a COS p '^ 

13. sin (45^ + a) = -y^ (sin a + cos a) = cos (45® - a). 

1 4. sin (60® + a) = 2 (sin a + ^3 cos a) = cos (30« - a). 

15. sin (30<» + a) + sin (30<> - a) = cos a. 

16. sec(^±<^) = T — ^ ZT-^- 

^ ^' Isptan^tan*^ 

18. cos' (a~ j8) - sin* (a + )8) = cos 2a cos 2)8. 

19. sin*24«-sin*6» = '^^^=ll. 

8 

20. (sin ^ - sin <^)*+ (cos ^ - cos <^)» = 2 vers {$ - </>). 

21. cos (30 ~ a) ~ cos (30 + a) = sin a. 

22. cot a + tan a = 2 cosec 2a. 

23. cot a ~ tan a = 2 cot 2a. 

sec a + 1 2 

-^ sin a + sin 3a ^ . 

25. 5- = tan 2a. 

cos a + cos oa 

26. tana-l-seca = tan[45® + ^j. 

27. 2 (1 - cot 2a tan a) = sec* a. 
1 -I- sin a 1 /, ^ a\* 

29. l-l^^^wfiSo + ^V 
1 - Sin a \ 2/ 

Bin a + sin 2a . a 

30. jr- = C0tH. 

008 a - cos 2a 2 
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9 6 

31. tan - tan ^ = tan ^ sec 0, 

„rt 2 sin 2a - sin 4a , , 

32. t^ . ^ -, — -r- + 1 = sec' a. 

2 sin 2a + sin 4a 

33. cos* (^ + «^) + cos* (^ - <^) - cos 2^ cos 2<^ = 1. 

34. cot* a ~ tan* a = 4 cosec 2a cot 2a. 

35. sina tana + cosacota=(sina + cosa)(2cosec2a- 1). 

«^ cos TMi - cos (th- 2) a , , ,. 

oD« -; — ; p- — i^ — ; — ^— = tan in + 1) a. 

sin (w + 2) a - sin na ^ ' 

37. sin* ^ + 2 cos a sin* B cos* B + cos* ^ = 1 - rsin ^ sin 2^ j . 

38. sin4^taji*^ + 4tan*^+2sin4^tan*^-4tan^ + sin4^ = 0. 

«rt cos 3a - 2 cos a , 2 cos 2a - 3 

"ijy. -^ — s TT-' — tan a = 



40. 



sin 3a + 2 sin a 2 cos 2a + 3 ' 

tan I + cot I + 2 sin* [45^ + | j 

tan 5 4.cot^ - 2 sin* (^S^-^ 



2 2 

41 . cos a + cos (a + 120<>) + cos (a - 120®) = 0. 

42. cos* a + cos* (a + 120®) + cos* (a - 120®) = | . 

41 • Q ^ o /of ,3a-45® . ,3a-45®) 

43. sin 3a + cos 3a = ^2 < cos' ^ sin* ^ — f» 

44. l+2(tana-tan)8)* + ^{tana-cot(a + )8)}* 

+ 2{tan)8-cot(a + j8)}* = tan*a + tan*j8+cot*(a + /?). 

Solve the equations : 

450 

45. cos ^ + cos 7^ = cos 4^. Ans. = 20®, or - - . 

46. costf-cos3tf = sm2tf. Ans. ^ = 0, or30®. 

47. cos 4^ + cos 2^ = cos ft Ans. 6 == 20®, or 90". 

48. sin 5a; cos 3a; = sin 9a; cos 7x. Ans. a; := 0, or 7^/. 
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49. cos2a; + Bma;=l. Ana. a;=:0, orSO*. 

50. 4cot2tf = cot*tf-tan*tf. Ana. tf = 0, or45». 

51. coBecd = 2cos2d + 4cos'd. Ans. tf=rlO». 

52. anx-^JZcosx=Mtj2. Aru, «= 15*, or 75*. 

53. -4-+ ^ = 4. Ans. aj = 30*. 
sin X cos X 

54. 3(sm*tf-cos*tf) + 4cos*tf = coB'2ft i4w. = 0. 

55. 8m9as + sm5a; + 2sin'a;=:l. ^im. (0 » 45^, or 2^*. 

56. oo84^ + cos2tf + co8tf = 0. Ane, tf = 90», or4(f. 

57. COS CKC ooB bx = cos (a •^c)x COB {b'hc)x. 

s ^ 180* 180» 

Ana. 05 = 0, or , or 



c a-^b-^c' 

58. K 8ma5=smftsm(aj + y), then taiiaj== : ^—, 

^ l-sinaoosy 

_.^ rt 28inasmy . ^ 

59. If tanp = — r— ; r^, then coto, cot A coty are in A.F. 

'^ Sin(a + y) -9 r-i i 

60. If sinj8 = m8in{2a + )8), then tan(a + )8) = = tana. 

1 — fii 

61. Ifcot^ = |, thenasintf-6co8fl = 0; 

a COS d - & sin a* - 6* 



and 



a cos O-^-hsmO a' + b'' 



_ . sina . ^ BmP 

62. If sin 05 = -: — , sin (90'*- 05) =-7—^, 

sin y ' ^ ' sin y ' 

then oos'ft + cos* j8 + sin'y = 2. 

63. If a cos ^=6 cos ^, then cot ^-jr— cot ^-^T— a» j,. 

64. If tanjS = secasecy + tanatany, then 008 2j3iB n^gatiTa 

^5. K tan (a+ 0) cot ft- tan 03 -I- ^) cot j3, 

then sin (2a + 6) ooseo = sin (2jS + ^) coseo <j^ 

66. If costfstanjScoty, cot = sin )3 cot o, 

then oosy=coBaco8jS. 
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67. HaBma-k-xcosO-b + xtaupBiaO, 

and acosa— a?suid = a;taii.j3cosdy 

^, X A a cos 08 ~ a) -6 sin )8 
asm {p — a) -^ COB p 

68. If tan (<^ + a), tan ^, tan (^ + P) are in a. p. so also are 
oot a, tan ^, cot )3. 

Prove the formula, 

69. sin-^ f + sin-^ t = 90'. 

5 5 

70. cot-^ a - cot"* b = cof* , . 

o-a 

71. vers * = 180® - vers . 

a a 

72. tan-»?+cot-"*I- = cot-'J|. 

2 11 

73. tan"* « + tan"* jr + tan""* ^ = tan"* 5. 

6 Z o 

74. 45o-3tan"*l-tan-*l=taii-*^-^. 

75. sin-*^ + sin-*4 + siii"*^ = 90^ 

13 6.5 

76. tan"*— ^- tan"* --tan-* ^ 



X" 1 05 as* — 05+1 ' 



77. tan(sm *w + cos *w) = — f=^= , ; > 

78. If tan-^ - - tan"' -i7r= 30*, then a? = - l^J%J^. 

79. Iftan-*^ + tan-*^^=45^ thenaj = *4o- 

a? — J x + Z tj^ 
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EXAMPLES. (0). 

Prove the formulae, 

- cos a + sin a , « 

1. ; — = tan 2a + sec 2a. 

cos a - sin a 

o sin g + sin (g + ^) + sin (a 4- 2)3) ^ , 

cosa + cos(g + )8) + co8(a + 2)8)"*^^*"*'^>* 

3. 16 cosec* 4a — 4 sec' 2a = sec* a cosec' a. 

. sin a + sin 2a 

4* ^ ?r" ™ tan a. 

1 + cos a + cos 2a 

cos (g + 45**) 

5. ; jv- : = sec 2g — tan 2g. 

cos (a - 45<>) 

^ , . . lSO-0 . 180 + ^ . ^ 

6. 4 sm ^ sin — 5 — sin — 5 — = sin 6. 

^ tan a + sec a ^ Z.^-. a\ ^ a 

7. — = tan(45« + ^)tan^. 

cot a + cosec a \ 2/ 2 

_ sin(g + )8+y) . x n x j. j. ^ 

8. ^ ^75 — ^ = tan a + tan a + tan y - tan a tan B tan v. 

cos a cos p cosy ' >- / 

. 4tana — 4tan"a 

9. tan 4g = 



1-6 tan"g + tan*a* 



10. tan(30Va)tan(30**-a) = J^^?|^. 
^ ^ ^ ' 2 cos 2g + 1 

^- sin*2g-4sin*a . . 

sin 2a + 4 sm*a — 4 

,« n 180**+ a 180'~a ,-0^0 . 

12. 2vers — 5 vers — ^ = vers (180'* -a). 

13. tanatan(a-)8)(cota + tan)8)«tana — tanjS. 

1 + cosec* a tan'^ ^ 1 + cot'a sin*^ 
1 + cosec* j8 tan*^ " 1 + cot*j8 sin'd * 

15. sin*j8 + sin* (a - )8) + 2 sin j8 sin (a - j8) cos a = sin'a. 

- - sin*a - sin*i8 . , ^. 

16. -: ~ ^ = tan (a + j8). 

sin a cos a- sin j8 cos p ^ ' 
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17. 1 + tan a tan— = sec a. 

2 



18. (^sm-^ + cos-y^jj^sm-g^+cos-^j 

= sin a + cos )S. 

19. cos* (a - ^ + cos*^ — 2 cos (a - ^) cos ^ cos a = sin* a. 

20. tan(45« + tf)-taa(45<'-<9) = !^^2^^^). 

^ ' ^ ' Sin 2^ 

21. tan|coti(90<>-.^)coti(90« + d) = tan^. 



22. 



. , . l~tan*|tan(45« + ^) 
tan <^ - COS ^ 2 ^ ^^ 

tan^ + cosd"" . aO . ,.^^ ,. 
^ tan* ^ -tan (45*+ <^) 



3 1 

23. (cos ^ + sin ^* = 2 i^^ ^ + sin ^) - ^ (cos 3^ - sin 3^). 

24. 64sin*^cos*d = 3sin^ + 3sin3^-sin5^-.sin7^. 

„ ^ cos (45* + a) - cos (45* + 3a) . 
cos (45® - a) + cos (45'' - oa) 

3 

26. cos 3^ sin*^ + sin 30 cos'tf = t sin 4tf. 

4 

27. sin 3^ sin* ^ + cos 30 cos* ^ = cos* 20. 
28. 



(sec d sec <^ + tan tan <^)* - (tan ^ sec <^ + sec ^ tan <^)* 
2(1 +tan*^tan*<^)~sec*^sec*<^ 
sec 2$ sec 2<^ 



sec* ^ sec* <^ 

29. (sectf + cosec^ + sectfcosectf) Tl-tan'-j n-tan*jj 

/ e 0\ 2^ 

= ( sec^ + cosec ^ j sec* t . 

30. tantf + tan(e + 60*) + tan(^-60«) = 3tan3^. 

31. (2 + sin2^)sin(^-.45*)+(2-sin2^)sin(^+45*)=2728m*^ 

32. tau-.^ + sin-'^^tea-^;. 
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Solve the equations, 



33. 5 tan a; = tan 3a;. Ans. tanas«>fe ^ / »• or 0. 



34. 48m^sm(^-a) = 2coso-l. Ana. d=30 + 5. 

2 

36. 90'.ain-'. = taa-.. Ans. «>= ^/^. 

36. tan"* 2x + tan"* 3a; = 45*. Ana, «=» — 1, or ^ . 



37. tan-»?5±^ + tan-»'*-^=30*. Ana, x^aJiJl. 

a a ^ ^ 

38. tan"* 3a; + 2 tan"* 7x = 45*. Ana, « = sT • 

39. tan-* ax + tan"* - = 45*. 

a 

.A.ns* X -— ^^ 

2a 

a; — 1 

40. tan-' (a; + 1) ^2 - tan"* —j-^ = cot"* 4^2. 

Ana. 05 = 6, or - 2. 

41. COST* X + COS"* (1 - a;) = cos"* (- x). Ana. as - 0, or ^ . 

1 

42. 3tan"*« = tan"*5«. Ana. <«0, or*-y«. 

43. cos"* X + cos"* (1 - a;) = cos"" * ^(a; - a;*). 

-47M. a? = 0, t)r^, or 1. 

44. tan"* r - tan"* =■ = tan"* a. 

x-l x+l 



'• ""y/l 



Ana. _ / 

a 



45. tau(a + a;)tan(a-a;) = T-— s r- • -^^* « = 3(y*- 

^ ^ ^ ' 1 + 2 cos 2o 



46. cos-*^^ + tan"':r-^ = 240». 



ilTW. X = <y3, or — Ts . 
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47. {cot (m + n) a + 1} cos 2ma = {cot (m + n) a — 1 } coa 2na. 

45« 



Ana, as 



48. sec (180 - a) cos (90 + a) cos (180 - a). 

= tan (90 - a) sin (270 + a). 
Ana. a = ±45^ 

60^ 

49. cos na -I- cos (w - 2) o = cos a. Ana. a = 90^ or =• , 

^ w — 1 

B B 

50. cosec" 5 - sec» ^ * V3 cosec* ^. Ana. 0=30^ 

51. sin ^ - COS = 2 ^2 COS sin 0. 

Ana. ^=15», or75Sor 135^ 

52. 4 cos ^ COS 20 = 1. ilrw. tf = 1 20^ or 36*, or 108^ 

53. sin* 05+ cos** = ^ . Ana. x = 45®, or sin"* ^ J" • 

54. tan(a + ^tan(a-^) = tan«2a-tan?2^. 

. /i 1 _,/ — cos2a \ 

Ana. ^ = *a, or -cos '{ ^ tt-i. 

2 \lsfccos2a/ 

55. sec*^ sec Tcot* ^ -cot'-g- j = 8 M -cot*— j . 

Ana. $ = 60^ 

56. tan ^ + cot ^ = 2 cosec a (^1 + sin a + <yi-siua). 

An^. ^ = J , or 45* - - . 
4 4 

57. sin(3a?+ o) + cos(3a?-a) = cos (45*^ + 0;). 

Ana. 05 = 45^ or ^sin"*-{sec(45«-a)-2}. 

58 —— I ■ ^ - ^ 

7l-sintf-l 71+sintf-l Bin^" 

Ana. * » 0, 180», or 60«. 
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59. sm (tan~* x) + tan (sin"* x) = mx. 

Am. a; = -(m*-w»-2*2^2mVl)*. 

60. If tan)S + cot)8 = 2 sec 2a, then a + j8 = 45®. 

61. If tan(« + a)tan(d-j8) = tan"^, 

then tan 2^ = ~^=p^^- . 

sin (a — p) 

62. If tan 2a = 2 tan )S, and tan y = tan* a, 

shew that P — y = a. 

1 1 11 

63. Shew that tan"* ^ + tan"* - + tan"* = + tan"* ^ = 46®. 

3 5 7 8 

64. Find tan (a + )8 + y) in terms of tan a, tan j8, tan y ; and 
thence shew that if a + j8 + y = 180®, 

tan a + tan j8 + tan y = tan a tan j8 tan y. 

ti — 1 

65. If tan (a + ^) = w tan (a - B\ then sin 2^ = =- sin 2a. 

66. If sin 2^.= tan ^, then chd B = JJ^^, 

67. If sin ^ + sin ^ = m, cos ^ + cos <^ = w, 

then m sm ^ + w cos c' = — ^ — = w sm ^ -♦• w cos ^. 

68. If tan«d=-, then-^+-v^ = (a* + 6M. 

a cos ^ sm ^ ^ ' 

69. Find cos(a + )8 + y), and if a + )8 + y = 180®, shew that 
cot a + cot j8 + cot y = cot a cot )8 cot y + cosec a cosec fi cosec y. 

If a + )8 + y=180®, then 

-^ • • /> • A ^ P y 

70. sm a + sm p + sm y = 4 cos ^ cos ^ cos ^ . 

J J J 

71. cos a + cos j8 + cosy = 4 sin ^ sin ^ sin ^ + 1. 

J J J 

a iS Y a B y 

72. cots + cot^ + cot^ = cotgCot^ cot ^. 

73. cos' I + cos" ^ + cos' I = 2 n + sin I sin ^ sin |] . 
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^ . tan a tan B tan a tan v tan B tan y 

74. H ^ H H + — ^ + - 

tan j3 tan a tan y tan a tan y tan a 

= sec a sec )8 sec y - 2. 

75. tan (45<> - ^) tan ^45* - 1^ tan ^45* - 1^ 

2 COS ^ cos ^ cos ^ 
(cos^ + cos ^ + cos Ij 

76. sin 2a -I- sin 2)8 + sin 2y = 4 sin a sin )8 sin y. 

77. cos 2a + cos 2)8 + cos 2y + 4 cos a cos j8 cos y + 1 = 0. 

78. cos*a -I- cos*)8 + cos'y + 2 cos a cos )8 cos y = 1. 

r-n * )^ y i a + ^ i8 + 7 a + y 

79. cos^ + cosS +COS ' =4 cos — -r- cos ^ , ' cos — t^ . 

^ 2s 2 4 4 4 

80. sin 3a + sin 3)8 + sin 3y = — 4 cos -^ cos -^ cos -</ . 

J 2 2 

oi • 8 . • 8 n • « o *^ ^ 7 3a 3)8 Sv 

81. sin a + sm')8 + sm'y=3cos^cos^cos^+cos-^cos-~cos-^. 

AAA 'A A A 

82. If cos"' - = 2 sin"' ?^, then aaj + 23^ = a*. 

a a 

83. If cot(a-y)-cot (a- ^) =cot (a + y) - cot (a + ^), 
then sin (a — y) sin (^ — a) = sin (a + y) sin {B + a). 

84. If tan* x = tan (a - as) tan (a + a;), then sin 2a; = ^2 . sin a. 

85. Ifsin(a-)8) = -sin(a^./5), 

thencot(a + )8) = Tc(— ^— cot)8 tan)8 ). 

^ ' 2 \ m m '^ J 

Q/! r^ /] cosa-*-cos)8 .1 . ^ X a. )8 

86. Ifcos^=Ti ■■ '^^, then tan TT = tan rr tan ^. 

l + cosacos)8 2 2 2 

87. If cot^ = mcot(a-^, 

then ^ = H I ci - sin"* ( — ^ sin o ) > . 
2t \m + l // 
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«« ■ri.x « /l-i-e. )8 .V n 6 + cosa 



ecosa 



89. If ^^54?^= «M 2)8, then tan (45*-fl)= tan* j8 cot (45^-a). 

90. If 2cot)8=coto+coty, then cot(/8-a)+cot(j8-y)=2oot)a 

91. If cot'tf - tan» tf = 2 ^3 . sec 2tf, then sin 2tf = * ( ^3 - 1). 

92. If cos tf cot ^ = cos tf , cot ^^ , 

thencot^-e(*±*^)tan^. 

93. If a + j8 + y = 180^ then 

cot ma cot mj8 + cot ma cot my -(- cot mj3 cot my » 1, 
where m is any integer. 

94. If cos^ + co8(^-j8) = co8(^-a)+cos(^ + a-)8), 
then each member of the equation is equal to cos d+cos (9— a), or 

95. Ktan(46^ + ^)tan(45V«^)tan(45» + ^) = l, 

then sin 20 sin 2^ sin 2^ + sin 20 + sin 2^ + sin 2^ = 0. 

96. If a + j8 + y-60^, then 

l + 2cos(a+j8-y) + 2cos(a+y-j8)+2cos08+y-a)«8coSaCOB)8cOBy. 

97. If0 + *=24O^ and vers = 4 vers«^, 

then tan^ = -^, or 00, and tan h = -^> or -.«. 

98. sin (a - j8) + sin (/8 - y) + sin (y - a) 

- . a—B . j8-y . y~a ^ 
-I- 4 sin ' sm ^ sin ^-^ = 0. 

99. sin (a + )8) sin (j8 + y) - sin a sin y = sin (a + j8 + y) sin p, 

100. 4cos(a + )8-l-y)cos(a + )5-y)cos(a-j8 + y)cos(a — )8-y) 
= cos* 2a + cos* 2)8 + cos* 2y + 2 cos 2a cos 2)8 cos 2y — 1. 

101. cog 2 (a -I- )8 + y) sin 3 (a + )8) + cos (y - a) sin (y - )8) 
= sin2 (a + )8 + y)co8 3 (a + )8) - sin (y - a) cos (y - B). 
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102. Bm^^^ilfjcoB---^^sm\^ 

= aboL^-^{coa + cos ^ + cos ^). 

103. tan"* JcoaQO^-hnooer^ (tan" 30«) = ^n + ^^ cos"* | . 

104. (2" cosec 2"a)" + (2" sec 2-a)« = (2"* * cosec 2"*'a)\ 

lAc ox -if /»-^ X «) ., f6 + acosa5) 

105. 2tan M W — -^. tan^V-cos N— -% >. 

(▼ a + 6 2) (a + 6cosa;j 

106. cot {e + tan-* (tan'tf)} * 2 cot 20. 

107. 3 tan-* ^ + tan-* i + tan-* Tj^ - 45* » tan-* ^ 



7 3 26 2057* 

108. tan-* i + tan-* | + tan-* i + tan"* i = 45». 

4 y D o 

«^5» _.135» ,225» 3 315* 17 

109. coe'-^ + cor— ^-^^^^ 2-+<5^ -0""= — . 

110. K aersin— 2— , y = rsin-^ , 

then «■ - 2a;y cos a + y" = r" sin'o. 

111. If cos = cot j3 cot y, COS ^ = cot a cot y, cos ^ = cot a cot jS, 
and fl + ^+^ = 180*, then cos'a + cos* j8 + cos*y = 1. 

Solve the equations : 

112. -cos^+?sm2y = cos2y, ^. + |,= 1. 

. a; = aco8d, as = acos6, 
y = 6 sin d, y = 6 sin <^. 

„„ sin-*a;^.sin-*y=120', , « = *!, 

cos 'o;- cos *y=60*. yaak-. 

114. If a, jS, y are the angles of a triangle, and 

^ sina 
'^ 2 sin y 
then the triangle is isosceles. 
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115. An object 6 feet Iiigh, placed on the top of a tower, 
subtends an angle tan~^ .015 at a place whose horizontal distance 
from the foot of the tower is 100 feet : find the height of the 
tower. Ana. 170 feet nearly. 

116. A person observes the angle subtended by a tower and 
its spire to be the same ; he knows the height h of the tower, and 
his distance a from it. The height of the spire is 

117. A person at distance of 20 yards from the nearer of two 
towers in the same straight line with him, and 10 yards apart, 
observes them to subtend the same angle. Passing the nearer 
tower a certain distance, he observes them again subtend the same 
angle, the complement of the former. The heights of the towers 
are 6 Jb, 4 J 6 yards respectively. 

118. A person at distance a from a tower, observes the 
elevation a of the tower, and of the top of the flagstaff (90* — a) ; 
the height of flagstaff is 2a cot 2a. 

. If the distance from the tower is unknown, and on receding 



a 



c feet the elevation of tower is ^ ; then the height of flagstaff is 
c cosec a cos 2a. 

119. From each of two stations in the same horizontal plane 
at distance Z> from each other, a pillar on a hill in the same ver- 
tical plane with the stations is observed to subtend the same 
angle at each of the two stations, and the elevations of the top 
of the pillar are e, € at the two stations respectively. The height 
of pillar is 

JDcos(/+€) 

sin {€ - €) ' 

120. The length of the shadow of a tower, height h, is observ- 
ed twice in the same day to be a, b, and the difference of the 
altitude of the sun on the two occasions was a, shew that 

A* + (a — 6) ^ cot a + oft ■» ; 

and explain the two values of h obtained from this equation. 
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SECTION IV. 

BELATIONS BETWEEN THE SIDES AND ANGLES OP A TBI 
ANGLE. THE RADH OF THE CIRCUMSCRIBED AND INSCRIBED 
CIRCLES. 

36. We now proceed to establish some important relations 
between the sides and the Trigonometrical Ratios of the angles of 
a triangle. 





J5 « cr 



Let ABC be a triangle, from A draw AD perpendicular to BG 
or BG produced : then denoting the angles of the triangle by a, )8, y, 
and the sides opposite to them by a, 6, c respectively, we have 



AD 



in j8 =» -jw > ^^ -^^ = c sin )8 ; 



sm 



AD 



sm 



Hence 



or 



in y = sin AGD = j-^ , or AD = h sin y. 

c sin )8 = 6 sin y, 
sin ^ sin y 



h ' 

Similarly, by dropping a perpendicular from B on AG, we have, 



and therefore 



sm a __ sin y ^ 
a c 

sin a sin)8__8iny 
a 6 c 



B.T. 
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37. Again we have 

BD = ABcoal3 =ccos)S, 

CD = AG cos ACD = 6 cos y, if y ia acute ; 

= — 6 cos y, if y ifl obtuse. 

But a = BC = BD-hCDm the first caae, 

= BD — CD in second case ; 

and therefore in both cases, 

a = c cos jS + 6 cos y. 

This may be derived from the forms in the preceding Article 
as follows ; 

sincea«180-(i8 + y), 

c sin a = c sin (^ + y) = c sin P cos y + c cos fi sin y, 

or a sin y = 6 sin y cos y + c cos )S sin y ; 

and therefore a = 6 cos y + c cos jS, 

as before. 

Similar forms may be proved for each of the other sides of the 
triangle. 

38. Again (a - 6 cos y)' = (c cos /?)* ; 

.-. a' — 2ah cos y + 6* cos* y = c* - c* sin* p 

= c*-6*sin*y; 
.•. c* = a* + 5* — 2a6 cos y, 
and so for the other sides. This may also be put in the form 

COSy = r-7 . 

^ 'lab 

This formula may be obtained geometrically as follows. 
By Euclid, ii. 13, i£ AGB is acute, 

AB'^BC + ACr--2BG, CD; 
and by Euclid, ii. 12, if ACB is obtuse, 

AB'^ BC+AC+2BC . CD. 
In first case CD = b cos y, in second case CD e -. 5 oos y. 
Hence in both cases 

^^a'-^- 6*— 2ah cos y. 
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39. From the forms in the last Article, we have 

l-cosy=l rr-= = )-— — L^ 

^ 2ab 2ab * 

or 2sin-5:.(iZ.?Lt4(£±^). 

2 2ab ' , 

Let 2« = a + & + c, 
and therefore « - a = — ^ — , and so for « - 6, s-c. 

And we have sin* \ = K" )\^ ) ^ 

2 ab 

Agam, 1 + cos Y = ^ — ^. « ^ -J-^ '- : 

® '^ 2ab 2ab ' 

ay _ a(8-c) 

• • cos rt — f • 
2 ab 

Soalao t^'lJlZp^, 

2 «(tf-c) 

And 8m"y = 4sm*^cos*^*4 -^ ,. , , 

2 
or sin7 = ^^{«(«-a)(«-6)(«-c)}. 

Similar forms may be proved for the other angles. 

From these forms the formnlsB of Art. 36 may bo directly 
deduced. 

40. 2^0 find the a/rea of a triangle. The area of a triangle is 
equal to the rectangle contained by half the base, and the perpen- 
dicular upon the base from the opposite angle, that is, 

area ABC = ^r BC . AB = ^ aft sin y ; 

this gives the area in terms of two sides and the included angle. 

Substituting for sin y from the preceding Article, we have 
area ABC =^^{8 (« - a) (« - b) (8 - c)} ; 
which is in terms of the sides only. 

This expression is frequently denoted by S. 
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41. To find the radius of the dreumscribed cirde^ 




Let ABC be a triangle, BE the diameter of the drcamscribed 
circle. Then angle BEC = BAG = a; and BGE is a right angle, 
and we have 

BO . a 

sin a 



^^ = sina, or2E=^;T:;^; 



which gives B in terms of one side and the angle opposite to it> ^ 
being the radius of the circle. 

Substituting for sin a in terms of the sides we find 

^ ahc 

These results may also be obtained from the construction f^' 
finding the centre of the circumscribed circle given in Euclid, rv- ^' 

For BG being bisected in D, and being the centre, ang^^ 
BOG = twice the angle at circumference 

= 2a; 
and therefore BOD^a, BD = %, 

and ^ - ^ sin a, as before. 



THE INSCBIBED CIBCLE. 
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42. To find the radius of the inscribed circle. 

Let be the centre of the inscribed circle ; 0A\ OS, OG' per- 
pendicular to the sides and equal to r. Then the area of triangle 




BOG is \ra, and so also for triangles BOA^ GO A, But area of 
triangle ABG equals the sum of these triangles, 



or 



^ ra + ^ r6 + ^ re = area of ABG ^ S ; 



S 

8 




To fiad the radii of the escribed circles, that is, of the circles 
which touch one side, and the other two sides produced. Let 0' 
be centre of the circle touching BG. 



1 
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Then O'A'^O'B'^O'Cr.r^ 

and tJLBG - £^BA a + 6X}Aa - AjBC^, 

O 1 1 JL 1 



or 



80 also 



»•. 


5 
"»-«' 




n 


8 





EXAMPLEa (A). 

Prove the formul» : 
sina + sm)3 a-i-5 



1. 



2. 



sinjS h 

sino + sinjS^a+ft 
sina — sinjS a — 6 ' 



« sina + sinjS— smy__a+6 — c 
sin a — sin j8 + sin y a — 6 + c ' 

. sina — sin)3 siny 

4. Y = . 

a — 6 c 



5. 



a+c-6 2 

4c a + 6 — c* 

sin'a + sin* jS — sin'y 



6. cos y = ^j— ^ • o 

' 2sinasmp 

7. a + 6 + c = (a + 6) cos y + (a + c) cos j5 + (6 + c) 008 ou 

8. (a + 6) (1 -cosy) = <? (cos a + cos j8). 

cosa+cosjS 1-cosy J 

10. c(l-co8*)8-oos*a) = cosy(aco8a + 6coe^). 

11. Ifas&y shew that a:=)3. 
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12. If c cos)3«5cosy, shew that the tnangle is isosceles (6=c). 

13. If a sec j3 = 2c, the triangle is isosceles (b = c). 

14. K the triangle is isosceles, (a = 5)^ c = 2a sin ^ . 

15. If c = 2asin^, then the triangle is either isosceles, or 

c = Ja (a — b), 

1 6. If (« - a) (« - 6) = ab, the triangle is impossible. 

17. If « (« — c) = -^ , one angle is a right angle. 

18. The area of a triangle whose sides are 4, 5, 7 inches 
•espectively, is 4^ square inches. 

19. Two sides of a triangle are 8 and 10 inches, and the 
ncluded angle is 30®; the area is 20 square inches. 

20. The sides of a triangle are in A. p. and their common 
lifference is 2 inches. K the area is 3^15 square inches, find the 
ides. Ana. 4, 6, 8 inches. 

21. If the area of a triangle is equal to 84 square inches, and 
iwo of its sides are 15 and 13 inches, find the third side. 

Ans, 14 inches. 

22. The sides of a triangle are 3^ 7, 8 ; compare the radii of 
he inscribed and circumscribed circles. Ans. H :r = 7 : 2. 

23. K the area of a triangle is ^ a5, then the angle y is a right 
jQgle. 

24. Ki? = |,theny=90^ 

25. If r = «-c, thena* + 6' = c*. 

26. Shew that r« + r4 = ccot^. 

1 4 

27. Ifr« = r4=5r^, thenc = ^a. 
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28. If r. + r» = r^, thenc = — ^^ . 

•J 

29. 6 cos" -^ + c cos'^ = jr — . 

30. (6-c)cos^ = asin5-^. 

31 _2 2-*"* 

b c he 

32. cot 3 -f cot ^ = -. 

-6 2 r 

a Q y 

33. r = «taii-^tan^tan^. 

J J i0 

a l-cos)8 . P .a 

34. T.^i ^ = tan 5- cot ^r . 

6 1 — coH a 2 2 

35. — g -=2sm28m|8m|. 

cot 5+ cot ^ 

«^ 6-c c-a a-6 -. 

36. +. + =0. 

^« n ^c 

37. (a + c) siii^ = 6cos— ^. 

fl v 1 

38. If sin a, sin )S, sin y are in A. p., then tan ^ tan k" = « 

39. ^^(7 is an isosceles right-angled triangle, one of wl 
base angles B is trisected by the lines ^2), BB. Shew that 

AD : 2)^ : JEC=^3 : 2 : ^3- 1. 

40. If AD is the perpendicular from -4 on the side BC - 
triangle ABG, and 2)-^, 2)i^ are drawn perpendicular to AlB, 
respectively, shew that BF x i? = area of triangle ABC, 
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EXAMPLES. (E). 

Prove the following relations between the sides and angles of 
a triangle. 

1 . a* + 6* + c* = 2ab cos y + 2ac cos j8 + 26c cos a. 

2. a (6 cos y - c cos j8) = 6* - c*. 

3. cosa + cosj8 = 2 sin'^. 

'^ c 2 

'^ a-ocosy 

5. a* sin 2jS + 6*sin 2a= 2ab sin y. 

^ 6*- a* 

6. cot a — cot jS = — ,— V — . 

'^ aosiny 

ff n ^ / T \ <* i^ 7 

7. ic = ^(a + 6+c)sec5 sec ^sec^. 

Q 1 ,a 1 «i3 1 ,y (a + h + cY 

8. -cos' 75+ rCOs'^ + -cos*^=^^ — r-r — ^. 
a 2 6 2 c 2 4a6c 



a B 
9. l-tan^; tan^ = 



2c 



10. 



11. 



2 2 a+6+o' 

vers o__a + c — 6 a 
versjS" 6 + c-a'6 ' 



^a 6+c— a* 

cot -2 



12. 2i?r= '^ 



a + 6 + c' 



13. 4i?8in|sin^sin^ = r. 

14. r^r^ + r^r^ + r^c = s\ 
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15. acosa + 6cosj3 + ccosya:4i?smasm)3smy. 

16. taii'^=^. 

17. r^rt,rc = rs'. 

18. r. + r4 + r^-r = 4i?. 

19. Bin(^-y)^6'-c' 

siiio a* ' . 

20. cot j-cosec^ : cot^ + cot|= 6 +<?-« : 2a. 
Prove the following expressions for the area of a triangle. 

22. i?r (sin a + sin )$ + sin y). 

jj« a* — 5* sin a sin )3 
~2~sin(a-jS)* 

ft, 2a5c a B y 

24. — ^^^ cos 77 cos 5 cos ^ . 

a + i^+c 2 2 2 

ft- 2«* sin a sin )8 sin y 
(sin a + sin j8 + sin y)* ' 

26. «'(?2lto0^^t„\ 
4 ( sina j 

27. «(« — a) tan-. 

28. ^ Ja'bc cos j8 cos y + 6*ac cos a cos y + c'a6 cos a cos fi, 

29. J ^2a'6 V (sin 2a + sin 2^ + sin 2y). 

30. The areas of aU triangles described about the same circle 
▼ary as their perimeters. 
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31. If a*, y, c* be in a.p., then 

sm3)g _ f a' - c' \' 
sinjS \ 2ac / ' 

32. If a, &, c be in A.P., then will r^ r j, r^ be in H.P. 

33. Shew that R, r have a common measure if a, h, c have 
one. 

34. The distances between the centres of the inscribed and the 
centres of the escribed circles are 



4i?sin^, ijRsin^, 4i?sin^, 



respectively. 



35. If p^ Pi, p^ be the perpendiculars from the angles on. the 
opposite sides, then 

36. If Z be the length of the line bisecting the angle a, then 

_ 2Jhc8 .(s — d) 
b + c 

37. If the perpendiculars &om the angles of a triangle ABO 
on the opposite sides meet in 0, then 

AO 

and ^0 : ^0 : (70 = sinatana : sinj3tan)3 : sinytany. 

38. Ktano, tan)3, tany are in g.p., then 

a* + c* = 6*(a* + (0. 

39. If a, &, c be the sides of a triangle inscribed in a circle 
radius E, then 

IP {a* + 6* + c* - 2a*b' - 2a V - 2b'c') + a*6V = 0. 



76 PLANE TRIGONOMETBY. 



EXAMPLES. (C). 

In any triangle^ prove tliat 

1. cot a + cot )S + cot y = ^"o • 

2. y sin2y- 26csm (fi - y)-c'sin 2)8= 0. 

3. 6*cos2y + 26ccos08-y) + c'cos2j8 = a'. 

4. {6'-c*) cot a + (c'-a") cot )S + (a* - 6*) cot y = 0. 

5. tanH + tan^ + tan? + - = 4jR( -+ ^+ - ) . 

2 2 2 r \a cj 

6. « = r f cot I + cot ^ + cot n = i? (sin a + sin )S + sin y). 

7. a' tan*)8 - 2ah tan )S sin y + 6' = 6* cos*y sec'jS, 

8. 4r'« = a6c (cos a + cos )S + cos y - 1). 

f. a h 3 a 

9. = tan ^ — tan-. 

r. n 2 2 



10. 



a i8 — y )S a — V y a—Q 
cos ^ cos Q ■ cos ^ cos — ^ cos ^ cos —~- 



6 +c a + c a + 6 



j2 g'sin(ff-y) ^ 6'sin(y-a) ^ c'sin(a-^) ^Q 
sin a sin)3 siny 

13. (a + 6 + c) (cosa + cos)8 + cosy) 



= 2a cos*^ + 26 cos"§ + 2c oo8*^, 

^ iS ^ 



U. iy=«*tan|tan|tan|. 
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ire e • « • i^ • y r «" ^' <^ \ 

15. S^^smjiSm^Bui^ <-, — + -: — 5+-1 — >. 

2 2 2 (sin a smp smyj 

16. The distance of the foot of the perpendicular from the 
angle A on the side a, &om the middle point of a, is — ^ — . 

17. If cot a, cot)3, coty are in arithmetical progression, so 
also are a', 6*, c*. 

18. If />^ jE>gy Pt he the perpendiculars from the angles on the 
opposite sides, then 

1111 

— + — + — =-. 

Pm Ph Pc ^ 

. . asmgsin^ 

19. Shew that r=—. . , ' . — = ■. 

sma + smn + smv a 

^ ' cos -5 

P y 

20. Shew that r.= . ^^'"^"^r 2_1. 

smp + smv-sma a 

COS5 

21. Shew that r. + n + r^ = 2i?^cos*|+oos«|+ COS* ly 

22. If y be a right angle, 

cos (2a - )5) = T (3c' - ia*). 

23. The perpendicular from C on the opposite side AB is 

ah a sin a + 6 sin )3 + c sin y 
2 'a&cosy + accosj3 + 6ccosa' 

24. Ifo :)S:y = 2 :3 : 4, then ^^±5 = cos ^ . 

Jo J 

25. The length of the line drawn bisecting the angle a, and 
meeting the side a is v — cos tt . 
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# 

26. In any triangle the perpendicular from the angle A on 

T^/v . 1 6* sin V efc c* sin )3 
the side BC is equal to 7 . 

27. K A'B^C be the triangle formed by joining the feet of 
the perpendiculars from the angles A, B, C on the opposite sides, 
then B'G' = jR sin 2a. 

28. If a^6V be the sides of the triangle A'BV\ then 

^« + 5s + ^- 2abc * 



and a+&+c' = Twra. 



a5c 

2;«^ 



29. If a', b', c* be in A. p., then a sec a, bsecp, cseoy are 
in H.P. 

30. If tan -^ tan ^ = =- , then 

2 2 n + 1 

a , B , y sin a 2 n-cosa 

tan-s +tan5 +tan^ = + =, . — : • 

2 2 2 n — cosa 71 + 1 sin a 

31. The distance between the centres of the escribed circles 
touching the sides (t, 5 is 

2c ^^06 

32. If 8, b' be the semi-perimeters of two triangles, and 

r. = /« : then : — 7— is the ratio of the radii of the inscribed 

circles. 

33. Prove that -7 ^ - 



sin {a — 13) a cos )S — 6 cos a. * 

34. If jp, q, r be the perpendiculars from the angles upon the 

. p* be 
opposite sides a, b, c, respectively ; then i- = -3 . 

35. The distance of the points of contact of the inscribed 
drcle with the sides AB, AG from the angle A bx^b-o. 
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36. If a, 6, c be in aritlimetical progression, then 

a, y 1 
tan^tan^^^. 

37. K the sides of a triangle are in arithmetical progression, 
then the cotangents of the half angles are in arithmetical pro- 
gression. 

38. In a right-angled triangle (y the right angle), 



am 2 



- V (sc )• 



39. If be the centre of the circles inscribed in a triangle 
ABO, and B^ i^^, B^ the radii of the circles circumscribed about 
the triangles BOG, AOG, AOB, respectively, then 

R^ Rj, R„ 

sm^ sin^ sin^ 

40. Shew also that the distance of the chords common to 
these circles and the inscribed circle are distant from 0, 

7^ r" r^ 

2R/ 2R,' 27?/ 
respectively. 

41. If be the centre and D, H, F the points of contact of 
Uie circle inscribed in a triangle ABC, then 

OA.OB. OG(AF-¥ BD'^G£) = ^R. AF. BD . GE. 

42. If be the centre of the inscribed circle of a triangle 
ABGy and 0^^ Oj, 0^ the centres of the escribed circles, shew that 

AG BO GO 
AO,'^ BO,'^ 00,"^' 

43. If R^y Rffl Re be the radii of the circles circumscribed 
about AEF, BDF, GDE, (Ex. 41) respectively, then 

ahc 
T 

44. If AD be drawn through the centre of the inscribed 
circle then the radii of the circles circumscribing ADB, ADC are 

t<M;ether equal to 2/i! cos ^ . 



aRJ' + hRf,'+cRf = -:-. 
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45. If p^ p« be the radii of circles passing through A and 
touching the side BG of the triangle ABO in the points B, C, then 
pja, = R\ and the radius of circle touching BC in its middle point 

2(5' + c')-a' 
86 sin y 

46. If AB'C be points in the sides BCy AG, A B of a, triangle 
such that 

BA' = la, GB' = lb, AC = lc ; 

a 

then the area of the triangle A'BG' is ^ . 

47. An isosceles triangle is described about two circles (radii 
r, /) which touch each other, so that its equal sides touch both 
the circles, and its base the larger circle; shew that its base is 

48. If be the centre of the circumscribed circle, and rj, r^ r, 
the radii of the circles circumscribed about GOB, AOC, BOA 
respectively, then 

rj cos a = r, cos )S = r^ cos y. 

49. If i> be any point in the sides BO of a triangle ABG^ 
and if A; be the harmonic mean between the radii of the circles 
described about the triangles ADB, ADO, then 

AD . ^ , 

-T- = sm p + sin y. 

50. ABO is an isosceles triangle {AB = AG): on BG as dia- 

meter a circle is described meeting AB, AG in 2), E'y DG^ BB 

1 
intersect in 0. Shew that area ABOG=-^ cf cot a. 

51. A tangent drawn from a point outside a circle (radius r) 
makes an angle 2^ with the diameter through that point. Shew 
that the distance of the point from the circle is 

r(l--tang)' 
2tai>e * 
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52. If sides BA, CA of a triangle be produced to D, JS ao that 
AD = AJS, and the area of the triangle ADE equals the area of 
the triangle AJBC : shew that the radius of the circle inscribed 
in DAE is equal to 

S 



Jbc n + sin I j 



53. If lines be drawn bisecting the angles of a parallelogram, 
the area of the rectangle formed by these lines equals ^ {a —5)* sin a, 

JU 

where a, h are the sides of the parallelogram, and a the angle 
between them. 

54. If a triangle have sides, which vary inversely as the 
Harmonic means of the radii of the escribed circles taken two 
and two, it is similar to the original triangle. 

55. Find the length of the line bisecting the triangle ABC and 
making equal angles with the sides ABfAC, and find the condition • 
that the problem is possible. 

Ans, length = j2,8'-b,8-c, and one side must 
not be greater than twice the other. 

56. Three circles (radii r,, r^, r^) touch one another : shew 
that the radius of the circle passing through the three points 
of contact is 



7: 



T T T 



r, +r^ + r^ 



Also i£ a, b, c be the chords joining the points of contact of 
tlie three circles, then 



ahc \r '^ rj \r, ■*" rj \r^ "^ r[) ' 



B.T. 
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SECTION V. 

SOLUTION OF TEIANGLES. FOUR CASES. THEIR TREATMENT 

IlT EUCLID. APPLICATION. 

43. Every triangle has six parts, three angles and three 
sides ; these parts are not independent of each other, for the three 
angles are always equal to two right angles, that is, we always have 

a + )8 + y=180'» I. 

Also between the sides and angles two other relations indei)endent 
of each other can be proved to exist. Take for instance the rela- 
tions proved in Art. 36, 

sin a sin fi 



a 

sin a sin 



IL 



III. 



a c 

From I. II. III. all other relations between the sides and 
angles may be deduced If we had taken any other two of the 
relations proved in the last section which are independent of each 
other, we could with equation I. have deduced all the rest. 

Hence since we have three and only three independent equa- 
tions amongst the six parts of a triangle, if three parts are given, 
we are enabled to determine the other three. Also three parts at 
least must be given ; but if more were, we should find one or more 
equations between them to express the condition that these parts 
may belong to the same triangle. 

We may observe also, that the three given parts must not all 
be angles ; for by equation I. if we know two angles we also know 
the other, and so having three angles given would really amount 
to knowing only two parts ; one part then at least must be a side. 
Also we must not have two sides given us less than the third 
side, nor such as to make the sines and cosines involved in pur 
formulsB greater than unity. (See Art. 46.) 

The process of finding the other parts of a triangle, when time 
of them are known, is called solving the triangle. 
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44. In solying triangles we shall find four distinct cases pre- 
sent themselves. 

Case I. When the three sides are given. 

Case. TI. When two sides and an angle opposite to one of 
them are given. 

Case III. When two sides and the included angle are given. 

Case IV. When two angles and a side are given. 
We shall treat each of these in order. 

45. Case I. Let a, b, c be given ; to find a, p, y, we have, 
Art. 38, 



cosa=s 



cos^ = 



'2bc ' 
a'+c'-b' 



2ac ' 
a' + b'-c' 

these e<{uations completely determine the angles a, 13, y, but ai*e 
not used because they are not adapted for logarithmic computa- 
tion, as will be shewn hereafter (Art. 61). In practice we use the 
forms derived from them in Art. 39. 

46. Case II. Let a, b, a be known : to find c, P, y: 

we have sin iS = - sin a, 

a 

fi'om which we find ^ : wo then know 

y=180-(a + )8), 
which gives y : and we then know c from the equation 

siny 
sin a 

This case presents a peculiarity which we will now point out. 

Let the angle BAC = a; AC=^b', GE, any line drawn from (7, 
equal to a. With centre G and distance GE doRcribe a circle 
cutting AB in B, B'.pm CB, CS \ draw CD i5>ervciwvXvQ.>Aw \ft X^ 
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liCE<GD, the circle will not cut AB 2A. all, and there will 
be no triangle with the parts proposed, that is, there is no solutioiL 

If CE->CD and<(Z4, two triangles will be fomaed, CAB, 
CAB', each having the angle CAB = a, the sides GA = 6 and CB 
or CB' equal to a : that is to say, there are two solutions of the 
triangle. 

K CE^CA, then the circle will meet AB in pointa ^,, B^, 
Now CAB^ is not a solution, inasmuch as the angle CAB or a is 
not a part of it, but GAB^ or ISO** - a instead. Hence in this case 
there is only one solution GAB^, 

Now let us examine how these cases are indicated by the 

Trigonometrical formulae. We have sin p = . 

Now Ci> = 6sina, CE = a, and if GE^CD, siafi is greater 
than unity, which is impossible, and therefore there can be no 
solution in this case. 

If CE^CD and ^CA, then sin)8 is possible, and 5>aan(i 
therefore j3> a. Now two values ^ and 180 -^ will satisfy the 
equation 

sin p = - sm a, 
a 

and since ^ may be either greater or less than 90* both these 
values will give solutions of the triangle. 

If GE > GA, h < a, and therefore )8 < a and ^ must be less than 
90®; and only the smaller of the values fi and 180 -)8 will give a 
solutioD of the triani;le. 
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From the fact that when 6 > a there are two sohitions of the 
triangle, this case is called the ambiguous case. 

When a is obtuse, p must be acute, and a > &, and there is no 
ambiguity. 

47. Case III. Let a, 6, y be known : to find c, a, ^ we have 

c* = a' + 6' - 2ab cos y ; 

this gives the side c : we can find a and fi from the formulte 

a . 
sin a = - sin v, 
c ' 

sin p = - sin y. 

c ' 

In determining a, j3 in this manner we should have to consider 
the order of magnitude of a, j3, y firom knowing that of a, b, c; 
and 80 determine whether a or 180 - a, j3 or 180 — )3 are the tnie 
sofutions. No ambiguity will really present itself. 

The following method will avoid this difficulty as well as be 
better adapted for logarithms, as will be shewn hereafter. 



Since 



sm a a 



have 



or 



sina-sin j3_ a — h 
sina + 8in)3~a + 6' 

2sin-^cos-^ a,ft 
2cos^sin?Lt^ «-^^' 



Now ^=9o--i; 

a-P a-b ,y 

.'. tan— 5^ = r<»^ 7i' 

2 a + h 2 
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This equation will give — ^- , and since a+)3 is knoivn we can 

find a and ^. 

The side c will then be found from the equation 

siny 
c^a— — '-. 
sin a 

48. Case IV. First, let o, ^, y be given ; to find by Cj a. 
We have 

a-18O«-08 + y), 

which gives a, and then by c are determined fix>m the equations 

- sin^ 
sin a 

sin^ 
c = a— — ^. 

sma 

Secondly, let a, a, ^ be given ; to find b, c, y. We have 

y=180«-(a + ^), 
and then b, c are found as before. 

49. It will perhaps be of advantage to the student to com- 
pare these cases with the corresponding propositions in Euclid. 

Euclid (i. 8) proves that if two triangles have their sides equal, 
they have their angles equal ; in other words, that if three sides 
of a triangle are fixed, then the angles cannot vary ; this agrees 
with Case I. 

Euclid (I. 4) in the same way agrees with Case III., and (i. 26) 
with the two parts of Case IV. 

Case II. we have already considered geometrically, but the 
student would do well to compare it with Euclid, vi. 7. 

50. We give the following as an example of the application 
of the rules in this section to practical purposes. 

Let it be required to find the distance between the summits 

P, Q of two inaccessible mountains. At A let the observer 

measure the angles PiiB = a, QAB = a\ PAQ^-^^ at B let him 
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measure FBA =s )3, QBA = p\ and also let liim measure the dis- 
tance A£ = a, Let AP = x, AQ = y, Then he would proceed 
with his calculations as follows : 

. „ sin )8 sin B' 

AF = x=a— — / />x > y^a 



sin(a + )3)' ^ sin(a' + jSO' 
which give x and y. PQ is then known from the equation 

P^« = re* + y* - 2a^ cos y. 

EXAMPLES. (A). 

1. If a = 2, 6 = 3, c = 4 ; solve the triangle. 

Am. a = 28*. 57' ; jS = 46«. 34' ; y = 104». 20'. 

2. If a = 4, 6 = 6, c = 6 ; solve the triangle. 

Am. a = 4P. 36'; p = 55^ 46'; y = 82«. 38'. 

3. If a = 3, 6 = 7, c = 5 ; solve the triangle. 

Am. a = 2P. 47', P = 120«, y = 38*. 13'. 

4. If a = 5, 6 = 6, c = 7 ; solve the triangle. 

Am. a = 44V 25', ^3 = 57V 7', y = 78V 28'. 

5. Ifa=ll,6 = 15, y = 78V 28' ; solve the triangle. 

Am. c = 16-7332 nearly, a = 40^ 6', j3 = 6P. 26'. 

6. If a = 9, 6 » 10, y « 60V find c. Am. c = 9*539. 

7. If a = 21, 6=16 J2, y = 45® ; solve the triangle. 

Am. c = 16-1654, a = 66^ 48', fi = 68*. 12'. 

8. If a = 68V 13', iS = 46*. 36', a = 25 ; find b. 

Alls. h =\^-'i» T3««2^1 - 
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9. If a = 60^ 6 = 20, c = 10 ; solve the triangle. 

Am. P = 90^ y = 30«, a = 17*32. 

10. If a = 38^ 13', )3 = 2\\ 47', c = 77 ; solve the triangle. 

Am. a = 56, 6 = 33, y = 120*. 

11. If ^ = 30^ y = 45^ a = 7 j solve the triangle. 

Am. a=xl05^ 6=3-62, c = 5-12. 

12. If 6 = c? ^2, c= ( 73 + 1) 6?, a = 45 ; solve the triangle. 

Am. a = 2d,p = 60\ y = 105«. 

13. Having given the lines jt>, q, r drawn from the angles 
A, JBy C of B. triangle to bisect the opposite sides, shew that 

If y is a right angle, shew that ^' + g^ = 5r*, 

14. A lake is bounded by a vertical cliff whose height is 
equal to the breadth of the lake (a) : from a balloon above the 
lake they subtend the same angle a. Shew that the height of 
the balloon is 

s— ; — (sm a + cos a). 
2 sin a ^ ' 

15. The courses of two ships are N., and E., and thdb: rates 
of sailing are as 1 : J2. The bearing of the former to the latter 
was E.N.E., but after the latter had sailed 4 miles, it was N.W. 
What was the original distance of the ships ] 

Am. 2 720 - 14 J2 miles. 

16. If in a triangle ABC, AD, BE, OF are drawn perpen- 
dicular to the sides from the opposite angles, and a new triangle 
is formed whose sides are AD, BE, CF, shew that the cosine of 

"the angle opposite to AD is ^~ii where a> 6, c are the 

sides of ABC. 

17. If in a triangle, whose sides are a, b, c, the lines drawn 
from the angles to bisect the opposite sides are /?,, p^, p^ then 



EXAMPLES. 89 



EXAMPLES. (B). 

1. Ifa=3, 6 = 6, a = 2r.4r; findc. 

Ans. c = 7, or 2*28 nearly. 

2. If a = 6, 6 = 6, a = 32^ 53' ; solve the triangla 

Ans. j3= 40^ 39' or 139*. 21'; y = 106^ 28' or 7^ 46'; 

c=8-8or 1*245. 

3. In the ambiguous case, if a, a, & be given, shew that the 
two values y, y of the third angle may be found from the equa- 
tions 

y + y'=180«-2a, cos5^ = ^sina. 

4. If c, c be the two values of the third side in the last 
question, then c + c' = 26 cos a, c - c' = 2a cos fi. 

Shew also that (c - c')' + (c -i- </)' tan' a = 4a*. 

Also cc = 6* — a*. 

c' 

5. In the ambiguous case if a -i- 6 = 2c, shew that a -- 6 = ^. 



. . a 

6. In the ambiguous case if sin a = ^r^ , shew that the angle 

between. the two positions of a is 120^ 

7. In the ambiguous case if A;, A; be the areas of the two 
triangles formed, shew that 

Ar + A/ = ^sin2a, ^A/ = ^ 6'(6»-a«)sin«a. 

8. The sides of a triangle are in A. p. and its area : the ai*ea 
of an equilateral triangle of the same perimeter = 3:5; shew that 
its sides are as 3 : 5 : 7 and one of its angles is 120^ 

9. If cos 7 = -^r—. — ^ , and sin' a = am'B -i- sin* y, find the angles. 

' 2smp 
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10. If AD be drawn bisecting the angle 4 of a triangles 
and ^, ADC = Sf DG=dj be known, solve the triangle. 

11. If a triangle be formed whose sides are a + 6, a + c, 6+ ^ 
respectively, and y' is the angle opposite to a + 6, then 



. «y' , a . 3 
sin'-^ = sin ^ sin '^ cosec 



(a + Dcosec(^ + ^). 



12. If a, a, 6 + c are known, shew that ^ and y may be founcL 
from the equation 

j8-y 6 + c . a 

cos —~ = sm s . 

2 a 2 

13. Given a, )S, and a + 6; solve the triangle. 

14. Given the perimeter 2«, the area /S, and the angle a of a 
triangle, find the side a. 

Ans, a = 8 — cot ^ . 

8 2 

15. The angles of a triangle are as 3, 4, 5, and the least side 
is a ; find all the sides. 

Ans. 1^6. f(s/3 + l). 

16. Given the vertical angle, the base, and the difference of 
the two sides of the triangle ; find the other angles. 

17. A straight line of length p bisects the angle BAG, and 
divides the side BG into parts m, n. Shew that 

p' = bc- mn. 

18. If perpendiculars be drawn from the angles of a triangle 
upon the opposite sides, and the feet of these perpendiculars be 
joined to form a new triangle, its sides are a cos a, h cos j3, c cos y 
respectively. 

19. Find the height of a cloud by observing its elevation a, 
and its depression P when seen by reflection in a lake from a 
station at a height h above the surface of the lake 

Ana, Height above the lake is h —. — 75 — ^ • 
^ sm (p - a) 
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20. ABf CD are two towers in the same horizontal plane. 
Th.^ height of AJB is h, the elevation of Z> at -4 is a, at jB is ^. 

Sb.^w that the height of CD is i!!^^f . 

° sm(a-)3) 

A ^i. A' 4. An ' Acosacos^ 

and the distance AC is — : — ; ^r • 

sin (a — p) 

21. Two ships are lying at anchor at a known distance from 
^^^•^^li other : find by observations made on board the two ships the 
^^■^'tance from either of them of an object on the shore. 

22. Find c in the equation 

6' + c' — 26c cos a = a*, 
^d shew that the ambiguous case is involved in the result. 

23. From the top A of b, tower AB (height A) the angles of 

depression of two objects (7, 2), in the horizontal plane with the 

foot of the tower are observed to be 45° - a, 45° + a respectively, 

and the angle subtended by CD is 2a : shew that CD = 2A tan 20, 

and^^(7/> = 45*-a. 



EXAMPLES. (C.) 



1. In any triangle tan T^ + )3 j = — ^ tan^ . 



2. A circle of radius r is inscribed in a sector of a circle of 
radius a, the chord of the sector being equal to 2c ; shew that 

1 1 1 

-«- + -. 

r a c 

3. Two inaccessible objects (7, D are observed from two 
stations ^4, ^ in the same plane with them, so that 

CAD = a^CBD, BAD^fi, ABC^y, AB = e: 

shew that CD = -7—7 7. — r . 

am (a + p + y) 
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4. In the ambiguous case if c, d be the ambiguous sidea 
B the angle between the two positions of a, then 

(c* — c'*) sin 2a 
^cc — (c + c ) COS 2a 

5. In the ambiguous case (a, 6, a given), if one triangle be 
times the other, then 



-=- = Jn^ + 1 - 2w cos 2a. , 

n-^\^ 



6. A, B, Gy D are four trees in a straight row, such that A 
BC, CD subtend equal angles at a point F, If AB = 40 fi^ 
BG^ 20 ft., GB « 60 ft., find FA, FB, FG, FD, 

Am. FA = 2iJ5ft, FB^SJlOft, P(7-12V5ft. 

FD = 2iJl0fb, 

7. In what direction must a road be carried up a hill, whose 
inclination to the horizon is a, in order that the ascent may be 1 
in n 1 Ans. An angle cosec"* (n sin a) with the base of the hill. 

8. Two towers (heights a, h) stand on a horizontal plane at a 
distance c from each other : if ^ be the angle subtended by the 

tower (a) at the top of the other, then cot «*= . 

^ ac 

9. A tower AB stands on an inclined plane ; at a point C on 
the plane the tower is observed to subtend an angle a; and on 
proceeding to a point D in the line A G, so that GD = GA, it sub- 
tends an angle j3. If <^ be the angle between the tower and the 
line AG, then cot <f> = cot ^ — 2 cot a. 

10. A person in the valley between two hi11« observes the 
altitude a of one of them. He then ascends the other through a 
vertical height a, and finds the angle of depression of his former 
station p, and the altitude of the hill (a — p). The height of the 



observed hill is a 



sin' a 



sin* P ' 



11. A tower situated on a horizontal plane leans towards the 
north : at two points due south and distant a, 6 respectively from 
^Jbe foot of the towers the altitudes of ihe to^rex s^x^ observed to be 
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h n 

a> /8 respectively : the vertical height of the tower is — — — — -- , 

8*^cl its inclination to the horizon is tan"* 7 — — ^ . 

6 cot a — a cot p 

12. A quadrilateral figui'e is inscribed in a semicircle (diar 
^^ter a), and the sides drawn from the extremities of the diameter 
**^^ inclined to each other at an angle a. Shew that the side of 
"^® quadrilateral opposite to the diameter is equal to a cos a. 

13. A person at A observes the elevation a of the summit C 
^* ^ mountain : he then proceeds up a slope (inclinacion y) directly 
^c^'Wards the summit to j5 ; at j5 the elevation of the mountain is 
P ^ if AB = ay shew that the height of the mountain is 

a sin a sin ()S — y) cosec (fi — a). 

14. A person observes two telegraph posts in the Same line, 
^-oich is at right angles to the road on which he is walking. After 
^^ilking a yards the nearer post is in a straight line with a church ; 
®^*ier 6 more yards the further post and church are in the same 
^^^e, and the two posts subtend the same angle as they did at his 
**^^t station. If the distance of the nearer post from the first sta- 

^on ig l^ shew that the distance of the church is =5 — ^r-5 . 
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SECTION VI. 

LOGABITHMS. THEIR USE. ADVANTAGE OF LOGARITHMS 'L * "^ 
BASE 10. ARRANGEMENT OF THE TABLES. LOGARITH M—J ^ ^ 
OF THE TRIGONOMETRICAL RATIOS. 

51. We have established in the preceding sections ce: 
relations between the sides and angles of triangles hj means 
which when we know certain parts of a triangle, we a: 
enabled to calculate the rest : and our examples have illustrate^ 
the way in which these relations may be applied to calculate ih~^ 
heights and distances of objects which cannot be directly meas 
In most practical cases these methods would involve tedio 
numerical calculations, and it becomes a matter of great imports — 
ance to shorten them. This is done by means of what are callec5I 
logarithms, as we shall now proceed to explain. 




52. In the equation iV= a*, where iT, a, x are any quantiti< 
satisf3dng this relation, a is called the hose, and x the logarithm of 
the number iV to the base a. This relation is also thus expressed, 
x = logaK 

Hence we obtain the following definition. The logarithm of 
a number to a given base, is the index of the power to which the 
base must be raised in order to be equal to the given number. 

53. In the equation y=a*, let a be some constant quantity 
greater than unity : then as x gradually inci^eases, Hf gradually 
increases ; 

when x = Oy iV= 1 ; when a; = 1, N=^a\ 

when a; = 2, iV= a'; and when a; = oo , iV= oo . 

As a; increases from to 1, iV increases from 1 to a; and 
whatever value x may have between and 1, there must be some 
corresponding value of N between 1 and a. And generally, 
whatever positive value be given to a;, there must be some corre- 
sponding value of N between 1 and infinity. And if we give 
X all possible values between and oo , the corresponding values 
ofJ^ will comprise all possible values between 1 and oo . 
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■Again, if x receive all possible values from to — oo , iT must 

<5©ive all fractional values between -5 and -^ , that is, between 

aiidO. 

Hence, by giving x all values from — 00 to + 00 , iV will have 
^-H values from to 00 , that is, all positive values. 

And conversely, whatever positive value iV may have, there 
-^^Qst be some real value of x, such that a" = iV^. 

If a be less than unity, let a = T> then a*=6"*=iV; and by 

^ving X all values fix)m +00 to — 00 , we give 6~* all values from 
^ to bo , and therefore a* or N all values frt)m to 00 , 

If a = 1, all real powers of a are equal to unity, and we cannot 
^ake a* = i\r. 

If a is negative, the values of a* are sometimes positive, some- 
times negative, sometimes impossible, and so we cannot always 
make it equal to N", So also if iV' is negative we cannot always 
find X, such that a*= N, 

Hence we conclude, that if a is any positive quantity other 
than unity, we can always find a quantity N equal to a* whatever 
real quantity x may be, and we can always find a value of as, such 
that a* = i\r, whatever positive quantity N xnQ.j be. 

Now in order to make logarithms of any practical advantage, 
we must have the logarithms of all numbers up to a certain 
magnitude, calculated to a given base, arranged in tables ; such an 
arrangement is called a table of logarithms, and the series of 
numbers aind their corresponding logarithms is called a system 
of logarithms. Hence we see that the base of our sjBtem of 
logarithms must be positive, and the logarithms of negative num- 
bers must be excluded. 

We shall assume in the present treatise that the logarithms 
of all numbers to any positive base other than unity can be cal- 
culated to any degree of accuracy, and arranged in tables. The 
- • vi^ iR all that falls within our province. 
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54. Let Xy y be the logarithms of the same number iiTto the 
bases a, h respectivelj. Then 

a; = logaiV; y-logjiV^, 
and we have 

X 

.-. ay = 6; 

.-. logjiV^=j— ^.log^iV^. 

Hence if we know the logarithm of any number N to base fl> 
and also the logarithm of & to the same base a, we can find the 
logarithm of iV to the base 6, by ^multiplying log„iV by the 

frfujtion , r. This multiplier is called the 'modulus of the 

system whose base is 6 to the system whose base is a, because by 
means of it we can reduce a system of logarithms with base a, ^ 
a system with base 6. 

To prove that log^ h x log^ a = 1. 

Lot a; = loga6, y = log6a, 

then a'^hy b^^a, 

.'. xy = \) 
or log„6xlog6a=l, 

which was to be proved. 

55. To find the logarithm of a product or quotient; of ^ 
power or root. 

Let x = log^ if, y = log« N, 

then M= a*, JSf = aJ', 

,\ \og^{MjV) = x + y = log^M+log^N; 
similarly log„(ifi\^P...) = log« Jf +log„i\r-*-log«i'+ ,., 
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A • Ma' , 

Again, since M = a', 

lus is true whether r be whole or fractional^ 

1 1 
.-. log« i!/M= log„ M^ = - loga if. 

It is on these properties that the great utility of logarithms 
epends — for the logarithm of the product of two numbers, we 
Bre see, is equal to the sum of the logarithms of the numbers, 
^d so a process of multiplication is reduced to one of simple 
Edition. And in the same way we facilitate the operations of 
▼iaion, involution, and evolution, by reducing them to subtraction, 
ultiplication, and division respectively. 

:Ex. To find the value of 577985683. 
"We find from the tables that 

logio 7985683 = 6-9023122, 

.-. Iog,o77985683=^^^^|l^ = -4313945; 

tti firom the tables we have 

•4313945 = logio 2-700191, 

/. 177985683 = 2-700191. 

56. Let the logarithm of any number N to base 10 be w + c?, 
■^ere n is some integer, positive, or negative, or zero ; and d a 
^imal fraction ; then 

logioiV=w + c?, 
and logxo lO" -^ = log^o lO" + logi, iV= m-^n-^d, 

B,T. ^ 
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Hence we see that the logarithms of N and 1 0" i^T to base 10 bave 
the same decimal part, whatever integer m is, positive or n^tivei 
And if we have a system of logarithms calculated to base 10, the 
sume decimal part of the logarithm will correspond to all nombeis 
which differ from each other onlj in the position of the decimftl 
point, or which can be derived from each other by mnltiplyiiig or 
dividing by any power of 10. Numbers of this kind are said to 
have the same significant digits. It is from this property that 10 
is chosen as the base of the system of logarithms in common use; 
and for the future we shall speak of the logarithm of a number to 
the base 10, as simply the logarithm of the number, and we shall 
leave out the suffix in wiiting it ; thus by log N we shall mean 
logio N. 

57, The integral part of a logarithm is called its charaderutki 
the decimal part its mcmtissa. We have shewn that all numbers 
having the same significant digits have the same mantissie, ^^ 
now proceed to shew how the characteristic may be determined i^ 
any particular case by simple inspection. 

Let N he Q. number which has one digit before the deciin*^ 
point, that is to say, some number between 1 and 10 : then log ^ 
must lie between and 1, and is therefore some decimal 

Let logir=e^, 

then 10""^ iV is a number which has n figures before the deciin»l 
point, and its logarithm is (n-l) + d. Hence we see that if * 
number has n figures before the decimal point, its characteristic 
is (n-l). 

N 
A^gain* fO^i has n cyphers after the decimal point, before the 

first significant digit, and its logarithm is - (w + 1) + 6^. Hence, '^ 
there are n cyphers after the decimal point, the characteristic '^ 
-(n + 1). 

This last case requires some explanation : 

-(n+l)+c? = -7i-(l-^)=-w-(f=-(n-^A 
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iHiere d'=l — d and is some decimal. Here the logarithm is 
negftdve^ and the integral part — n : also the mantissa d^ of 

log --T-^ is not the same as d the mantissa of log iT, which seems 

to ooatiadict what was before observed : but it is found more con- 
veoieat to consider all numbers as having logarithms with positive 
mantiggaei, and it is with this convention that we say that logiV 

^^ ^% uv^+i ^^^6 ^^^ same mantissse, and that the characteristic 

of the latter i^ — (» + 1). Without this convention we should bo 
obliged to have two tables, one for numbers greater, and the other 
for numbers less than unity. 

Ex. log 5-4952 = -7399835 j 

.% log 5495-2 = 3-7399835, 

«id log -0054952 = 3-7399835, 

*^o — sign placed above the 3 in the last case signifying that the 
^^Wacteristic alone is negative. 

Thus 3-7399835 and - 3-7399835 are different : in fact 
3-7399835 = - 3 + -7399835 = - 22600165. 

^8. In the tables in common use the mantissse of the log- 
withms of all numbers from 1 to 100000, calculated to seven 
**«citnal places, are arranged in order. Thus when we have any 
^^^mber containing only five significant digits we find the mantissa 
P^ its logarithm directly from the tables, and prefix the character- 
^tic by inspection ; and if we have a logarithm, we can find the 
^Jtrithm nearest to it in the tables, and so find the corresponding 
'^^iHaber correctly to five significant digits. 

iTumbers of more than ^ve digits must be taken from the 
^bles by the use of proportional parts, for an explanation of 
•^hich the student is referred to Section IX. in this treatiae. We 
*^^tt only observe that in determining the side of a triangle of 
^'^Ont a mile in length to ^ve digits, the error cannot exceed one 
^^*clx. a degree of accuracy which is fully equal to that of the 
^^inary instruments for surveying. 
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59. Since the Tngonometrical Batios of angles less tkn 
90® are real positive quantities, they also can have logarithm^ just 
in the same way as other quantities. The logarithms of the sinea, I , ^ 
cosines, tangents, cotangents, secants, cosecants of all angles are 
arranged in ordinary tables at intervals of one minute. In Bm& 
tables they are given for every second. They are calculated to 
seven decimal places as for common numbers ; but since ih^ ar^^ 
mostly negative 10 is added to them, to make them positive: henc^^ 
the tabular logarithm of any Trigonometrical Batio of an angle i^^ 
equal to its real logarithm increased by 10. Thus 

Z sin a B log sin a + 10, 

where Zsina stands for the tabular logarithm, and log sin a fo ■■ 
the real logarithm of sin a ; and so also for the other Katios. 

60. Also since sin a = cos (90 - a), therefore 

log sin a = log cos (90 — a). 

Hence if we have the log-sines of all angles from 0® to 45*, w-^e 
also have the log-cosines of all angles from 90* to 45® : and if tt^s 
have the log-cosines of all angles from 0* to 45®, we have also th^^ 
log-sines of all angles from 90® to 45®. Hence a complete table c^-f 
log-sines and log-cosines fr*om 0® to 45® is also a complete tabl^^ 
to 90®. This is taken advantage of in the arrangement of tlM.^ 
tables. The column headed sines and counted downwards froi 
the top of the page is headed, cosines at the bottom of the 
and counted upwards, as may be best understood by inspectiiZM^ 
the tables. The same arrangement applies to the tangents aizz^d 
cotangents, the secants and cosecants. 



EXAMPLES. (A). 

1. Shew that log 2 + log 3 + log 5 = log 30. 

2. Shew that log 8 -i- log 25 = 2 -i- log 2. 

144 

3. Shew thatlog-«^=51og24-21og3-log7-l. 
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4. Shewtliatlogsm30«-:-log2; log cos 30®= ^ log 3 -log 2; 

log sill 45* = -.^ log 2. 

5. Wliat will be the charaoteiistics of the logarithms of the 
following numbers, 2750, 27-564, 28325-7, -000042? 

6. Find the value of 4^30901-7. Am. 7-90672. 

7. Find the value of (3727593)?. Ans. 425-1787. 

8. Find the value of (401*3116)^, and verify the result by 
ttritbnetic. Ans, 11. 

9. Find the volume of a cube whose edges are 7-39148 
inches. Ans. 403*826 cubic inches. 

10. Find the volume of a rectangular parallelopiped whose 
edges are 4-23665, 7*39148, 3*652281 inches respectively. 

Ana, 114*3716 cubic inches. 

11. How many figures will 2** contain 1 Am. 13. 

12. Given log 2 find log ^ ^ . Am. '29 1 6. 

13. What is the characteristic of 476 to base 8 ? Ans. 2. 

14. What is the characteristic of '0156 to base 3 ? Ans. — 4. 



EXAMPLES. (B). 

1. Find the logarithms of 

309-017, -0000309017, 309017000. 

2. Fiud the logarithms of all numbers from 1 to 10. 

3. Find the logarithms of the Trigonometrical Batios of 30^ 
and 45\ 

4. Find the logarithms of 12, ^(45), ^ . 

Am. 1-0791812, -8266062, 1*9914746. 

5. Find the value of -4^„^. Am. •739148, 
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6. Find the value of = Uj . An$. 1-69408. 

1 

7. Find the Talue of (-0035)^ Ans. -445811 

8. If 20* = 100, find a. Ans. 1-537... 

9. If 7'= 2, find X. Ans. -356... 

10. Find the value of log in terms of log 25. 

o 

Ans. I (log 25 -2). 

11. Given log 2, find log -00016, log (-00001 6/. 

Ans. 4-20412, 1-4671244- 

12. Find the number of cyphers between the decimal poix*-^ 
and the first significant digit of -^ . Ans. 2 "3 

1 3. Find L sin 36^ Z tan IS'*. 

A71S. 9-7692187, 9-511776^ 

EXAMPLES. (C). 

1. Find the value of T j". Ans. -000000423662 

2. Find the value of (tLV- Ans. -00000372759^ 

3. Find the value of sin 18^; and shew that the value fouiK' 
above (page 47) is equal to it. 

4. If a* = €*, find the fraction - . 

z 

5. Shew that log. x : log^ x = log<. b : log;, a. 

6. Transform V( 3 8ma) = I y(^, 

into equations between the tabular logarithms of the quanti^*^ 
iarolve<L 



.n 
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7. Assuming that log 250 and log 256 differ by *0103, shew 
that log 2 =-30103. 

8. Find the logarithm of 9 to base 3 ^3, and of 125 to base 

Arts. 1-3, 3-6. 

9. Given logio 2, log^o 3, find log 16 to base 15. 

Ana, 1-023832. 

10. Given logio 2, logio 3, find logj 3240. ^^- 502244. 

11. Find log ^^(2^. Ana, T-9796043. 

12. Givenlog2, log3, findloglO-6. Ana. 1-0280287. 

13. Given log 6 = a, log 15 = 6, find log 8, log 9. 

3 
Ans, log8 = ^(a-6 + l), log9 = a + 6-l. 

14. If a series of numbers are in g. p., shew that their log- 
arithms are in A. P. 

15. 11 Xj y are the logarithms of two numbers Jf, iT, shew 
^uit log jMN=i o (^ + y)' Hence shew that 1 -5 is the logarithm 
of 31-622... 

16. Shew (from last question) that a5+— ^^ is the log- 

^thmof if(^)«. 

17. If in last question iV= Jf + 1, a number of 5 digits, and 
'^^ 10, ♦•< 10, shew that the equation Jf ( -^ ]» = M^ ^ is true to 
*oup decimal places. 

18. If log 48753 = 4-6880013, log 48754 = 4-6880103, shew 
^t log 487537 = 5 -6880076. 

19. Prove that if the bases of different systems of logarithms 
increase in o.p. their moduli to any base decrease in h.p. 



SECTION YII. 

APPLICATION OF LOGARITHMS TO THE SOLUTION OP 

TRIANGLES. ILLUSTRATION. 

61. We have seen that when we know the logarithms of an] 
numbers we can at once find the logarithm of their product anc 
quotient, but that we cannot apply logarithms directly to thi 
determination of the sum or difiference of numbers. Hence 
calculating any parts of a triangle from the others by logarithm^S' 
we must use the formulae which connect the parts by means o:^B 
fouitors only ; if we wish to use a formula involving terms we 
first transform it into the form of a product 

Thus in calculating a from the formulae 



cosas: 



"26c 



we cannot apply logarithms directly, but if we transform this equi 
tion to 



~ \/\hr) 

logarithms become immediately applicable. 



a 
cos 2 




We may observe by the way, that in using the first equatioc^^ n 
we should have to perform four operations in multiplication aii<^^ d 
one in division ; in using the latter we should have to look oiL.^^t 
^YQ logarithms. If a, 5, c were simple numbers the first o] 
tion would probably give the least trouble, but as in practice the; 
are generally quantities of ^yq or six digits, the latter is much 
shorter. 

62. In most cases of solution of triangles the formulsB to 
employed are in the form of products : the case which offers m< 
difficulty is when two sides are given and the included angi' 
this we acooT^^^j proceed to discusa. 
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Let a, b, y he giyen ; it is required to find the other angles 
^ P, and the side c 

Since tan ^^^ = ^^^ cot ^ , Art. 47, 

2 a+b 2' * 

behave 

log tan — ^ = log (a - 6) - log (a + 6) + log cot ^ , 

(suppoBing a > 6) which gives ^ j ■■ is already known, and 

therefore we can easily determine a and )S. 

Having found a and fi we can find c from the equation 

sinv 

c = a- — '- 

sin a 

or log c = log a + log sin y — log sin a. 

63. It sometimes happens that in solving this triangle we 
^y know log a, log 6, but not a and 6, and it becomes an object 
^ Save the trouble of looking them out in the tables. 

. a-P a-b .y 

l«n— ^= rcot^ 

2 a+b 2 

a y 

1+- 
a 

Let - = tan ^, an assumption which is always allowable, since 
^^ tangent of an angle may have any value ; 

then ' g^^l-tan^ y 

2 1 + tan <^ 2 

« tan (4:5'' - <^) cot ^.. See Art. 35 6w, 3. 

Sow log tan <^ = log 6 — log a, 

^ is known at once, and therefore ^ may be found from the 
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Hence 45«-«^ = 9M9', 

and Z tan ^^ . 9-2149894 + 10-8395431 - 10 

= 10-0545326 
= Xtan48«.35'. 
Hence F^Q ^97\lO\ 

F + Q=163\32'; 
.'.Q = 33\IV. 

Now P(2=^jb; 

.'. logFQ = Z sin y - Z sin 6 + logo; 

= 9-4524879 - 9-7382412 + 2-4311124 
= 2-1453591 
= log 139-75. 
And therefore FQ = 139*75 yards, the distance required. 



EXAMPLES. (A). 

1. Adapt the formulsa for the solution of Case I^ Art. 45, 
to tabular logarithms. 

2. Adapt the formulae for the solutions of Cases 11, III, TV, 
to tabular logarithms. 

3. If a = 22, 6 = 23, c = 25, then p = 58«. 10'. 43". 

4. If a « 230, b = 240, c = 12, then p = 145*. 37'. 36''. 

5. If a = 23, )S = 18«, y = 23«. 42'. 43", 

then 6= 10-68185, c= 13-9009. 

6. If 6 = 159-0643, fi = 62^ 6'. 51", y = 53«. 27'. 20", 

then a = 162-335, c = 144-58. 

7. If a -6 = 4013-116, a + 6 = 7906-72, y = 36», 

then a = 1 29*. 22'. 26"-8, p = U\ 37'. 33"-2. 
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8. If a = 2820-9385, b = 1430-8485, y = 157*. 27'. 40", 
then a= 14^ 59'. 49"-03, p=7\ 32'. 30"-97. 

' 9. If log a = 3-2978321, log 6 = 4-0135140, y = 36^52M2", 
then p= 135\ 21'. 29"-59, a = 7«. 46'. 18"-41. 

10. Find the value of ^(16233-5/ -(10681-85)' by means 
of a subsidiarj angle. Ana. 12223*9. 



EXAMPLES. (B). 

1 . If the sides of a triangle are 32, 40, 66, find the greatest 
angle. Ans. 132^34'. 34". 

2. The sides a, 6, c of a triangle are in the ratio 4, 5, 6 ; find 
fi. Am. )S^55*.46'.18". 

3. If a = 45^ a =14000, 6 = 15906-43, find the other angles. 

Am. p = 53^ 27'. 20", y = 81^ 32'. 40", 
or )8 = 126^ 32'.40", y = 8*. 27'. 20". 

4. Two sides of a triangle are to each other as 9 : 7, and the 
included angle is 64®. 12'j find the other angles. 

Am. 69M0'.10", 46\37'.50". 

5. If a = 23«. 42'. 43", )S = 1 8®, a = 207, find b. 

Am. b - 159-0643. 

6. If a = 60^ )S = 57*. 53'. 9", c = 3727*593, find a. 

Am. a = 3652*28. 

7. If log a, log b are given, find log (a + b) hy means of a 
subsidiary angle. 

Find also log (a — b), where a>b. 

8. Shew how to find the value of the following expressions by 
means of subsidiary angles : 

^(a«±6»), a^J{a'-b\ J(a + b)^ J(a-b). 

9. Solve by means of a subsidiary angle 

sinaj — o versa5 = 6. 
Am. mn{x + &)={a-rb) COS0, where tantf=a. 
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EXAMPLES. (0). 

1. K two sides of a triangle are 70, 35, feet respectively, ^uirf 
the included angle is 36®. 52'. 12", find the remaining angles. 

Am. IW. 33'. 54", 26*. 33'. 54''. 

2. If the angles of a triangle be in aritlimetical progression, 
and the greatest sidtt is to the least in the ratio 5 : 4, find the 
angles. Am. 70^53'. 36", 49®. 6'. 24'' 

3. One angle of a triangle is 60®, and the ratio of the 'side 
opposite to it to the difference of the sides containing it, is 
9 J3 : 2 ; find the remaining angles. 

Ana. 66®. 22'. 45", 53®. 37'. 15". 

4. If 05* = a' 4- 6" + ah, shew that subsidiary angles may t^ 
used to determine x from x = ^(ah) sec ^, where 

tan = - • 
a 

and tan"<^ = 2 cosec (20). 

5. If a, 6, y be given, shew that 

. ^ 26 , y , , . 2asec2«^, y . 

tan a = z tan ^ cos <f>, tan a = ~ tan ^ cos 6, 

"^ a-b 2 ^ a-6 2 ^ 

where tan<f>=A/ rtan^. 

V a-6 2 

6. If 

sin 6^ ,y 1 + tan' a tan* /? + cos ^ ^1 -tan'a tan*)S = tan a + tan )8, 
find ^ in a form adapted to logarithmic computation. 

M . / /> .V sill (0' + S) 1 « - ^* 

Ans. Bm{9 + <j>) = -j^ — ^^ ^^» where cos 2</> = tan'a tan*/ff- 



SECTION VIII. 

CrBGULAB MEASURE. POLYGONS INSCRIBED, AND CIRCUM. 
SCRIBED ABOUT A CIRCLE. AREA OF A CIRCLE. 

B5. These is another system of measuring augles besides that 
^y degrees or grades, which on account of its importance in all the 
higher branches of mathematics, it will be necessary to consider 
iu this treatisa 

We must premise the following propositions. 

The ratio of the circumference of a circle to its diameter is the 
■ftiKie for all circles. 

To prove this, we shall assume, what is proved by Newton and 
Spears almost self-evident, that if in a curved figure a polygon be 
*iuiciibed, and the number of sides of the polygon be increased and 
the magnitude of each side diminished without limit, the perimeter 
^^ the polygon becomes more and more nearly equal to that of the 
^''Ui'vilinear figure, and is ultimately equal to it. 





Let A BCD, abed bo two circles whose centres are 0, o : and in 
-^-BCD let a polygon A BCD.., be inscribed ; in abed let a similar 
lH>lygon abed... be inscribed, then we have 

AB : AO = ab :ao, 
BC :AO=bc 
CD lAO^cd 



ao^ 



ao. 



.{' 



_ f.o 
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Ilence AB + BC+CI) + ,.,. : AO^ah + bc-^cd-^ .... : ao^ Of 
Perimeter of polygon A BCD.. . : AO ^ Per. of poL abed : oo* ^~o^ 
this proportion is true however many sides the polygons hare ; Je^ 
their number be increased, and the magnitudes of each of then 
diminished indefinitely ; then the perimeters of the polygons be- 
come the circumferences of the circles, and we have 

circumference ABCD \ AO^ circum. ahcd : oo^ 

or the ratio of the circumference of a circle to its diameter is the P^^^ 
same for all circles. 

This ratio is generally denoted by the symbol ir; so that if r 

be the radius of a circle, and 2r its diameter, its circumference is 

2irr. The value of tt has been calculated, and is found to be 

22 
3*14159... or the fraction -=- nearly. 



ffl« 



5i 



:t): 



66. We must next prove that the angle subtended at the 
centre of any circle by an arc equal to the radius of the circle is of 
invariable magnitude. | ^ 

Let AOP (fig. Art. 7) be an angle at the centre of the circle 
ABAiB'y such that the arc AF is equal to the radius AO : then, 
since angles at the centre of a circle are as the arcs on which they 
stand (Euclid, vi. 33), 

angle AOF _ arc AP r 

4 right angles "" circumference ABA'Bf "" 2irr ' 

(since arc -4P = radius, and circumference « 27rr), 

1 A/\-n. ^ right angles 2 right angles 
or angle AOF^ 2_^ — 2 — „ 2 »_ . . 

Now IT being invariable, and this expression independent of r, th© 
angle AOF is the same whatever be the size of the circle. 

Hence it appears that this angle is a proper standard by whicl* 
to measure other angles. If this angle be taken for unity, any 
other angle which is times as great will be represented by v- 
is called the circular measure of the angle. 

67. To shew that ^, the circular measure of an angle, is eqti^ 
to the arc subtended by that angle, divided by the radius. 
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Let AOF be the angle whose arc -4P« radius AO^ AOP^ any 
other angle whose circular measure is 0, then 

- _ angle AOF^ arc AP^ __ arc 
" angle AOF arc AF radius * 

Since the arc subtended by four right angles is 2'nr, the cir- 
• cular measure of four right angles is = 2^, Hence the measure 

mm 

of a right angle is -x 



68, To pass from circular measure to degrees and grades and 
vice vers^ we have, as in Art. 5, 

90" 100" <«■ ' 

To find the number of degrees in the unit of circular measure, 
put ^= 1 in this equation, tlien we have 

180»_ 180' 
^- TT -3-14159-^' ^^^'^- 



69. It is usual to represent angles when degrees are used by 
fte Koman letters A, B, C,..., when circular measure is used, 
h the Greek letters a, ^, y,...^, 0,... We have used the latter 
^ughout this treatise, even when the student had no idea of 
circular measure. Our reasons for so doing are mentioned in the 
ppefistce : whilst we are merely dealing with the relations amongst 
the Trigonometrical Katios of various angles, it is of no con- 
sequence what measure we employ; but when we trace rela- 
tkms between the angles themselves and their Trigonometrical 

Batios, we must always use circular measure as in the following 

article. 

70. To shew that —5—, —2— are equal to unity, when 
B. T. ^ 
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Let ^ A.OB = z AOB = 0, and draw BG£^ perpendicular 
and let BA£^ be the arc of a circle whose centre is : draw^ 
£^D to touch this arc at jB, jB'. 




Then 



Hence, since 
and 

we have 
and 



e=\ 



BAB' 



tan^ = 



sin^ = 



OA 

BD BD 
OB" OA' 

BOBC^ 
OB" OA' 



b1 

OA' 



BD + DF > arc BAB>, 
BF<iaTcBAB', 
tan^>^. 



Hence tan $, $, sin $ are in descending order of magnitude ; hen^ 

sin sin ^ sin ^ 
ten^' "^9"' 55:S* 

sin^ 



or 



cos^, 



T' 



are in ascending order of magnitude. But when tf =* 0, cos tf = 1 
therefore also — 7— must in this case equal unity. 



Also 



tan^ 



1 sing 
cose* e 



=1 when 5 = 0. 



REGULAB POLYGONS. 
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71. To find the perimeters and areas of regular polygons 
circumscribed about, and inscribed in a given circle. 




•Let AJB, ah be sides of regular polygons of n sides circum- 

'^W about and inscribed in a circle whose centre is and 

radius r. 



Then 



n 



Then 



n 



TT 



AB=2aB^2rt^-] 



n 



P^^^eter of circumscribed polygon = n.AB 

If 
= 2nr tan - : 
n 

*^ of circumscribed polygon 



= n . aB . Oa = wr* tan - . 

n 



Again, perimeter of the inscribed polygon = ^nr sin - . 



n 



^"^ of inscribed polygon = n . A aOh = n . \aO . hO sin aOh 



= inr* sin — 



YL^- 
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72. To find ths area of a circle, '^-^ 

This equals the area of the inscribed polygon when iihe number X ^i 
of sides is made infinite. f^i ^ 

Let — =0. then n = ~pr , and when w = oo , ^ = 0. 

The area of polygon becomes 



X p . - -sin^ 



when ^ = 0, = 1 : 

(^ ' 

hence, the area of the circle = 7rr\ 

The volume of the cylinder is the area of its base, multipHed by 
its height. 

73. Referring the student to Art. 22, we will investigate ^ 
general expression for all the angles which satisfy the relation 

sin $ = a. 

Let AOF^ (fig. Art. 7) or a be the smallest angle whose sicE-* 
is equal to a, then all the values of are bounded either by 01^ ^t 
or OF^y that is, ^ is equal to a, or (tt - a) taken positively, or the^« 
angles increased or diminished by any multiple of 2ir ; or again, ^ 
is equal to - (ir + a), - (27r - a) taken negatively, or these angl^^ 
increased or diminished by any multiple of 2m Hence all ifa-* 
values of are included in the forms 2nir + a, 2mr + (tt ^ ^^j 
2n7r-(w + a), 2w7r - (2ir - a), where n is any integer positive 
negative. 

Now when the coefficient of tt in these forms is even (as 
the first and fourth), a has the positive sign, and when odd (as 
the second and third) the negative sign before it. Hence tb-^ 
form mv + ( - l)"'a, where m is any integer positive or negative* 
includes all these forms, since when m is even (- 1)* is positive 
and when m is odd ( - 1)*" is negative; hence = mir + ( — l)'"a. 

74. To find all the values of which satisfy the equation 

cos 6 = a. 



■^ 
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Iiet AOPy^ or a be the smallest of these values. Then all the 
^^WB of B must be bounded either by OF^ or OF^^ that is, in 
^0 podtiYe direction they will be a and (27r -- a), and these angles 
iiusreased or diminished by any multiple of 2x ; and in the negative 
direction they will be —a, and >-(27r-a), and these angles in> 
creased or diminished by any multiple of 27r. Hence all the 
^ues of B are included in the forms 2n7r + a, 2»7r + (2ir — a), 
^nw-o, 2wir — (2ir — a). Observing in these forms that the 
coefficients of ir are all even, whilst a is either positive or negative, 
^^ find as the general value of ^, that B = 2m7r =t a, when m is any 
nteger positive or negative. 

75. To find all the values of which satisfy the equation 

tan = a, 

In the same way as in the last two Articles, we may shew that 
U the values in the positive direction are included in the forms 
S9»T + a, 2mr + (ir + a), and those in the negative direction in the 
brmg 2nr— (it— a), Stitt — (2ir — a) ; since in these forms a is 
^'vajB positive^ all the values of $ are included in the form 

= ni'ir + a. 

It is not necessary in these cases that a should be the smallest 
^ueofft 

76. By the help of these forms we may explain the double 
'ftlue of sin^r when expressed in terms of cos $ (see Art. 34). 

let a be one value of which satisfies the equation, cos = a, 

then = 2wr * a, and - = wtt ± ^ , 

n 
iTow if the value found for ^ is as general as the value of or 

"^"^'a from which it is derived, sin ^j must contain all the values 



in(»r*|). 



11^ PUkSE 

30V sai(»x'A^j=sm»x'eaB^^eGCKz'Sin-=^Bn^, ^ 



97^0; ammx'^'i'l cr — 1, as it k etcn cr od^ 

HeDeesin^ mnst lure tvo TalneB, eqpalandof c^pposite^^'^ 

SiniihriT we i>«T diew dot eas| wl» exirand in teim^ <^ 
eos0 win bare two Tallies, ^oos^. 



77. The firar Talnes of sm ^ wlien expre see d in. terms of sir^^^*^ 
(Art 33) maj be thus explained. 

Let a be one Talne of $ which satisfies the equation, sin $ = 
then (^=nx + (-ira,and|-~ +(-!)•?. 

Now sin ^^ + ( - If |^=mi !^co8 (-!)■ ^ + eos y sin (-!)• 

If n be even, sin -^ = 0, eos — = * 1, sin ( — 1)" 3 = sin ^ , an( 

therefore 8m?=*8in* 
2 2 

9tT CL a fix 

If n be odd, sin-^=*l, cob(-I)' 5 = 008^, co8-5- = 0, an 

therefore sin ^ = * cos ^ . 

Hence sin ^ will hare four values, two and two of opposite 
sign. 

Similarly cos- = COS -^ cos (-1) ^-sm-^-sm (-l)"^ 

= * cos s > when w is even, 

= A sin ^ , when n is odd. 



SXPLAKATIOK OF MULTIPLE VALUES. 
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. I 



ie. 



f= 



^ 



Similar generalizations apply to all the formulae proved in 
i Cha.pters EL and in. 



78. Example, sin -5 will have three values when expressed 
vt^ terms of sin $ from the cubic equation 

B 

4sin*5-. 3sin^ + sin^ = 0, (see Art. 32). 

This will also appear as follows : 

fidn « must contain all the values of sin (-^ + ( "~ 1)" o ) • 

Now n is of the form Zm or 3m ± 1. 
Let n = 3m, then 

Bing«mnrm7r + (-l)*"^j = cosmTsin(-l)*"^ = sin^, 

^iether m be even or odd. 
I«et » = 3m A 1, then 

. sin ^ = sin (mT^'^+ (- 1)*"*^ ^^ 

= cos m-T sin ^=t I +(- 1)'"*' ^ j == sin r± ^ - y 
^hetlier m be even or odd. 



^JE7 



^ence sin -^ has 3 values, 



.a . /w a\ , /w a\ 

^3''^U"3>"^V3''3;- 







iVom the form of the equation for determining sin ^ , we see 

*|^^ the sum of these values must equal zero, and their product 
■**^ a; which results may be easily verified. 
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EXAMPLES. (A). 
In the following examples the value of ir is suppo^^ 
be y . 

4 

1. Find the number of degrees in an angle of a r^^ 
hexagon. Ana, f- -* 

2. Find the number of degrees in an angle of a tegf^ 
pentagon. Ana. iC 

3. Find the number of degrees in an angle of a polygoiB 
n sides. 

An$, .15 

n 

4. How many sides has a polygon, whose angles are 135*) 

Ana, 

6. If the area of the circumscribed polygon equals four tim 
the area of the inscribed polygon, find the number of sides. 

Ana, 

• 

6. Find the circular measure of 35®, 35^ Ana, '61, '5 

7. Find the degrees <bc. in an angle whose circular measa 
is 1-21. Ana. 69MI 

8. The number of sides of one polygon is four times that 
another, and the angles of the first one-half as large again as the 
of the second. How many sides have they ? Ana. 20, 

9. Find the number of grades in the unit of circular measm 

Ana. 63'-66 

10. A tree is 12 feet round, what is the width of the large 
plank which can be cut from it ? Ana, 3 feet 9^^ inch< 

11. A tree is 18 feet in circumference, what is the thickn( 
of the greatest square plank which can be cut from it ? 

Aim, 4 feet near] 
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**• A circle of three inches diameter is cut out of a circle of 
5 rncuea diameter ; shew that the area of the remainder is equal 
to a cirole of 4 inches diameter. 

*^- How many cubic feet of timber are there in a tree 
16 feet in circumference and 22 feet in height ? Ans, 448. 

''^ A round tower is 42 feet high : its wall is 3 feet thick, 
•*» itB interior 24 feet in diameter. How many bricks 9 inches 
"^*% 4J inches wide, and 3 inches thick, were required to build it 1 

Ans. 152064. 

*5, Thi'ee equal circles, radii r, are placed in contact; find 

^® %tea between them. , / /o '^N « 

Ana. (v^"2y*'' 

^ind the general values of in the equations 

1^ ^ij /» A A A 2» + l 2n+l 

•i.6. cos 7^ + cos ^ = 0. Ans, = — ^ — ir, or — g — ir. 

7. sm 7^-sm^ = sm 3^. Jns, ^"="0"' ^^ 2~ 12 * 

2m7r±^ 

X8. 8in0 = cosn0. ^n«. ^° , . 

w±l 

19. cos 6 + cos 35 = ^ . 

Ana. 5 = 2 f wir=fc-« j, 27iw±-^, 27wr* — . 

20. tan35*tan5 = 0. il/w. 5 = Tirr or wir a-t- . 

4 

21. tan* 5= a*. Ana. 5 = tMr*tan"*a. 

22. Bin'25-sin'5 = sin«^. Am. ^=(^*g*]^)^- 

a« • i/jCO«35 ,^sin35 m 

23. Bin's — 5— + cos"5 — o— =-r« 

ilrw. 5 = i {nir + ( - 1)" sin-* m\. 
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EXAMPLES. (B). 
1. Find the circular measure of TT grades. Ans, 



IT 



S 



200 



2. At what distance from the eye will a shilling whos 

diameter is '91 inches exactly hide the moon whose diamete 

is 30' 12"1 , 4095 , 

Ans, rr=T — feel 
151 w 

3. The radius of a circle is r ; find the length of an ar 

which subtends J." at the centra . vrA 

Am. -jgQ 

4. The radius of the Earth being 4000 miles, what is th 
length of 1" of the meridian ? Ans. 69 J3 Daile« 

5. How far does a person at the equator travel in a secon 
by reason of the Earth's rotation about its axis 1 

Ans. 512 yards nearlj 

6. The diameter of the Earth's orbit about the Sun bein^ 
192,000,000 miles, how far in space does the Earth travel h 
one second? Ans. 19 miles nearlj 

7. The greatest square possible is cut out of a circle whos« 
radius is r, the area of the remainder is (?r — 2) r*. 

8. The area of a square inscribed in a circle : the area of ai 
equilateral triangle inscribed in the same circle, as 8 : 3^3. 

9. If flj, a^ ttg be respectively the sides of a regular pentagon 
hexagon, and decagon inscribed in a circle, then 

< = «.' + <• 

10. The area of inscribed polygon of m sides : area of circum- 

scribed polygon of n sides = ?n cos — : n, if the sides of the twr 

m 

polygons are equal 
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11. A circular sector whose angle is ^ is formed into a 
'ight cone. Shew that the vertical angle of the cone is sin"* -jr— . 

^ 12. A regular hexagon is inscribed in a circle (radius r), and 
Its angular points are joined two and two so as to form another 

^xagon ; shew that the area of this latter is —^— . 

13. In a sector of a circle (angle 2a, radius r) an equilateral 
triangle is inscribed so that one angle is at the middle point of the 
arc of the sector; shew that the sides of the triangle are each 

equal to —7 m . 

cot a + ^3 



U. If 2 (sin 2^ + sin 2<^) = 1 = 2 sin (tf + <^), find 6 and 0. 

Am. fl=_ + (-l)-_*g, <^ = -2+(-l)"i2-=6 



16. K sin * + COS d<i^!^, find the limits of ft 

IT TT 

Ans. must not lie between 2mr + -^ and 2wr + -^r . 

• 

1 6. If tan (w cot 0) = cot (ir tan 6), then 

^ ^ 271 + 1 ± ^4n* + 4w-15 
tan ^ = ^^ , 

^here n is any integer positive or negative. 

17. If tan + tan mO + tan nO = tan tan mO tan nO, then 
^ *« =- , where r is any integer. 

18. Find the least values of <^ and $ which satisfy the equa- 
tionB 

cos (* + 3<^) = sin (2tf + <^), sin (0 + 3^) = cos 2 (tf + ^). 

Ans. 6=<l>=Yc* 
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5 

19. Ifsin"^taii^ + cos*^cot^ = 7Cosec2^, then 

<? = (3n-=l)^. 

20. tan (n cot ff) = cot {n tan $), then 



2 "^ ^ (2r + l)ir' 
where m, r are any integers. 



EXAMPLES. (C). 

1. Find the length of an arc subtending an angle of 60^ in a 
circle whose radius is 105 feet. Ana. 110 feet 

2. If the length of an arc of 60^ is 11 feet, then the radius 
of the circle is 10 feet 6 inches. 

3. If a right angle were divided into 80 parts, and each of 

these into 80, find the number of the latter parts contained in an 

angle whose circular measure is '001. 

Ans, 4^. 

4. Shew that -r— ; — -^ = i, when 6 = 0. 

6/ sm 6^ ^ ' 

6. Shew that -: ^= — , when 6=0. 

sinTTicr trh 

6. A circular flat object at distance a subtends an angle of 
30', its area is /=oa^ "^^T ii©arly. 

7. If a be the angle whose arc is r, and radius r^, and a the 
angle whose arc is r, and radius r^, then 



!■=©■• 



8. If i?, r be radii of circles circumscribed about and in- 
scribed in a regular polygon whose side is 2a, then 
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9. The Earth's radius being E and the height of a tower h ; 
^^^cl how fjEur an object at sea must be fix)m the foot of the tower 
w> as just to be visible from the top. 

Ans, JR cos"* -7T — 7 . 

li + h 

If A be so small that ^ may be neglected, shew that this 
^usMrer becomes j2hE, 

10. The height of one ship is n times that of another, and 
the top of one is just visible from the masthead of the other 
^•t the distance of a miles. Given E the Earth's radius, shew 
th.at the height of one is given by the equation 

^. E _i jR d 

cos '-5 + COS '^ = -=. 

E-k-x E + nx E 

11. The radius of the circle of latitude 60® is 2000 miles. 

12. What distance is travelled in half an hour by a person 
situated in latitude 60°, by reason of the Earth's rotation 1 

Ans, 261ifmiles. 

13. If two plumb-lines suspended from points at a given 
distance apart on the Earth's surface are inclined at an angle 
of m", and at w" when at an elevation h, then the radius of 

the Earth is very nearly. 

m-n 

14. A lighthouse 60 feet high is just seen from the deck of 
a ship 12 feet above the water, how far is the ship from the light- 
house] Ans. 13*79 miles. 

If the height of the deck be raised 1 inch, how much further 
off may the lighthouse be seen 1 Ans. '0148 miles. 

15. An observer from the deck of a ship 20 feet above the 
tea can just see the top of a lighthouse : at the masthead (80 foot 

above the sea) he can just see the door of the lighthouse, which is 

1 

2 th of the height of the top. Find the height of the lighthouse. 

Ans. 80 feet 



126 PLANE TRIGONOMETRY. 

16. A person ascending in a balloon observes the dip of "^ 
horizon a, a' at successiye heights h, h\ Shew that 

A _ (1 — cos a) cos a 
N (1 — cos a) cos a' 

17. Find the circular measure of an angle whose complem^ — : 
contains as many degrees, aa the supplement of an ang^e n^ 
times as large contains grades. . 11 



lb— ^ 

18. The centres of two wheels (radii r, r) are at a distanc^^e; 
from each other : find the length of a strap passing round th^izz 
both but not crossing between them. 

Am, w (r + r') + 2 (r - /) sin~* -^^ + 2 Ja* -{r-ry. 
XXX X , , . sin a; 



19. Shew that cos ^ cos ni cos ^55 cos -^ is equal to 

when n becomes infinite. 

20. If with the angular points of a regular polygon of n sides 
(length of side a) as centres, circles are drawn so that the points 
where the circles meet the . sides being joined form a regular 
polygon of 2n sides, shew that the radii of the circles must be 

■7 sec" cT- ov -r ( 1 + 2 cos - I see's- • 
4 2» 4 \ nj 2n 

21. In last question prove that area of new polygon : area of 
original polygon = cos - : cos*— . 

22. In an equilateral triangle two hexagons are inscribed, 
oae having three of its sides coinciding with sides of the triangle, 
and the other three of its angles bisecting the sides of the triangle. 
Shew that their areas are as 4 : 3. 

Q 

23w Find the three values of cos ^ when determined from the 
equation cos ^ = a. 

6 

24. Find the three values of tan ^ when determined from 

the equation tan = a, and shew that the sum of the three yalues 
found together with three times their product is ec^ual to zero. 



SECTION" TX. 

Oy TUB USE OF PROPORTIONAL PARTS IN LOGAEITHMIC .' 



73, We have shewn in the preceding Sections "VI. and "VXI. 
MW logarithms are used for shortening calculations involving 
leagthy products and powers : but we were only able to use the 
Tables of logarithms with exactness, when the numbers or angles 
*erB foOnd in the Tables, and in other cases we could only 
wtract the nearest numbers or angles. The Tables generally give 
'he It^rithms of all numbers of iive digits, and of all Trigono- 
metrical Ratios of angles for every minute of the quadi-ant. "We 
proceed in this section to shew how the Tables can almost always 
^ applied with exactness to numbers of seven digits ; and to 
Wglea within the hnndredth part of a secoad, by means of the 
principle of proportional parts. 

80. First, as regard-( tho logarithms of numbers. If we 
^^len the Tables at random, we fiad, for instance, that the 
logarithms of all the numbers from 26629 to 26673 increase 
"nifonnly by -0000163, from 26674 to 26794 increase by -0000163 
Of -0000162, from 36795 to 26822 uniformly by -0000162 ; and 
Senerally the logarithms of successive numbers increase gradually, 
"■early uniformly, with a difference which slowly diminishes as 
'ne numbers increase. Now this being true for tho numbers 
''ound in the Tables, it will be equally true if wa insert 100 num- 
"^n lietween two consecutive numbers. Thus we find by the 
T^ibles 

log 2662900 = 6-4253549, 
'^'id log 2663000 = 6-4253712, 

^oe Jifference between the two logarithms being -0000163, Kow 
'^ we take the 100 numbers between 2662900 and 26C3000, we 
^^J conchide that the difierence between each successive number 
'« -000000163 ; and if we wish to find the logarithm of any 
"ntennediate number, as log 2662937, we must multiply -000000163 
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by 37, and add the result to 6*4253549 the logarithm of 2662900, 
i.e. log 2662937 = log 2662900 + -000000163 x 37 

= 6-4253549 + -0000060 

= 6-4253609, 
oniitting the figures beyond the seventh decimal place. 

81. The trouble of this multiplication is saved in the Tables. 
In a column by the side of the logarithms in each page is placed 
the difference of two consecutive logarithms, and in another 
column the proportional parts, or tenths of these differences, as 
shewn in the annexed columns. Observe 
that the cyphers after the decimal point 
are omitted for brevity : the numbers 16, 
33, 49, &c., are 163 multiplied by 1, 2, 3, 
<fcc., with the last figure cut off for the 
division by 10; and 33 is placed opposite 
to 2, rather than 32, because 33 is nearer to 
32-6 than 32 is, and so for 49, 82, 98, 147. 
When we require hundredths we cut off one 
more figure, and increase the last figure by 
unity, when the figure cut off is greater 
than 4. Thus to multiply 163 by 37 we 
take for the figures required 49 + 11 = 60, which gives the same 
result as above. 

Our work may be arranged as follows : — 
From the Tables 

log 2662900 = 6-4253549 
diff. for 30= 49 

7= 11 



D. 




Pro. 




163 




1 


16 




2 


33 




3 


49 




4 


65 


163 


5 


82 




6 


98 




7 


114 




8 


130 




9 


147 



» 



log 2662937 = 6*4253609 



82. The reverse process of finding a number, whose logarithm 
is given, more exactly than can be found directly from the Tables 
is similar. Thus to find the number whose logarithm id 
3-4253685: we find log 2662900= 6-4253549, difference is 136, 
and difference for 100 is 163, omitting the cyphers. Therefore 

1 ^fi 
we have to add yg- of 100, or 84 nearly, to 2662900 to obtain 
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the required number; therefore 6*4253685 is the logarithm of 
2662984, and 3-4253685 is the logarithm of 2662-984 the requii^ed 
number. 

Making use of the table of proportional parts the work may 
be exhibited as follows : — 

6*4253685 is log. of required number, 

6-4253549 is log. of 2662900 

136 

130 is diff. of 80 



6 is diff. of 4 



. '. required number =2662984 

In practice the characteristic of the logarithm and the decimal 
point of the number may be omitted till the work is complete. 

83. The principle above applied to the logarithms of numbers, 

applies equally well to the determination of natural sines, &c. In 

the latter case however the change of successive sines is not 

80 tmiform. There are 90000 numbers with 5 digits, the 

oumtissse of whose logarithms all lie between and 1, whereas 

the Tables give the Trigonometrical Ratios of 5400 angles, whose 

lines and cosines lie between and 1, so that the differences of 

mocessive sines and cosines are usually larger and less uniform than 

the difi'erences of the logarithms of successive numbers ; and what is 

>aid of the sines and cosines applies with still greater force to the 

other trigonometrical ratios, since their values extend between 

greater limits. Hence the differences only are given in the 

Tables, and the proportional parts are not calculated for them, as 

^ the logarithms of common numbers, since to do so would render 

til© Tables inconveniently bulky. 

The mode of using the Tables will be learnt from the following 
^inples, cyphers being omitted after decimal points for brevity. 

To find sin 14^ 18'. 33"*56. 



From the Tables sin 14^ 19' 


= *2472809 


sin 14^ 18' 


= *2469990 


diff. for V 


7.^\^ 



a T. 



• • 



• • 
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% required diflT.. = ^|^ x 281 9 = 1 576 nearly, 

sin U\ 18'. 33"-66 = -2469990 + -0001576 

= •2471566. 
To find cos 14^ 18'. 33"-56, 

cos 14M 8' =-9690157 

cos 14M 9' = -9689438 

diff. for r= 719 

required diff. = —'j^ - x 719 = 402 nearly; 

.-. cos 14^ 18'. 33^-56 = -9690157 - -0000402 

= -9689755. 

Notice that in this case the difference is subtracted, becauia« 
the cosine of an angle diminishes as the angle itself increases. 
The same observation applies to the cosecant and cotangent. 

Given tan fl = '75, to find 0. 

From the Tables tan 36^ 53' - '7503665 

tan 36^52'- -7499119 

diff for 1'= 4546, 

and tan fl - ten 36^ 52 = -75 - -7499119 = 881, 

881 
•'. required seconds = j^jn of 60" = 1 1"-63, 

and fi = 36°.52'. ll"-63. 

Given cosec fl = 1.6 = 1-6666667 nearly, to find 0. 

From the Tables cosec 36**. 52' = 1 -6667920 

co8ec36°. 53' = 1-6661458 
diff for 1'= 6462 

cosec 36^ 52' - cosec 0=1 -6667920 - 1 -6666667 = 1253 

required seconds = ^jco ^^ ^^'' = 11"*63 ; 

fl=36^52'.ll"-63. 

In this case since tan** -75 = cosoc** 1*6 the results ought to 
exactly. The results obteiued above do a^ee, Wt i£ the operation 
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Wbeen carried farther tan~^ *75 would have been found slightlj 
leas^ and cosec'^ 1**6 slightly greater than the results obtained. 
Ke Tables being exact to 7 decimal places, the true values of the 
&tioB are slightly in excess or defect of the values given, and 
the tme differences likewise. The example above shews that 
the method employed may be generally relied upon to give a true 
lesult as far as the hundredth part of a second. 

84. The same principle also applies to the determination of 
the logarithms of the Trigonometrical Ratios not found exactly 
in the Tables, and the reverse. The following examples illustrate 
the method. 

To find Xsec27M3'.15"-34. 

From the Tables L sec 27°. 14' = 10-0510248 

Z sec 27M 3'= 10-0509598 
diff. for r= 650 

... .1^x650=166; 
oU 

.-. L sec 27^ 13'. 15"-34 = 100509598 + -0000166 

= 10-0509764. 

^ this case the difference for 1' is so small that eswjh hundredth of 
» second does not affect the result; thus 15"-33 to 15"-37 inclu- 
*^^e Would give the same result. 

Given Xcotfl= 10*1789937, to find 9. 
^m the Tables L cot 33^ 30' = 10-1792171 

Z cot 33^31' = 10-1789426 
diff. for r= 2745. 

Also L cot 33°. 30'= 10-1792171 

Zcotfi =10-1789937 

diff. = 2234. 

-*^M ||gof60" = 48"-83; 



• • 



B = 33°. 30'. 48"-83. 



85. In the preceding Articles we have explained the method of 
^ploying proportional parts : it only remains to point out that this 
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method may fail from two causes, either the successive differences 
may be too irregular, or they may be too small. The second 
cause of failure applies partially to the determination of the 
second additional figure in numbers from 85000 to 100000 ; and 
the Trigonometrical Ratios of angles veiy small or very nearly 90**, 
and their logarithms, cannot be determined by this method from 
one or both causes. 

For a theoretical proof of the principle of proportional parts 
the student is referred to more advanced treatises on the subject. 
A proof of the principle for the logarithms of common numbers 
is indicated in the Examples 16, 17, 18 C. of Section YL 



EXAMPLES. (A). 

1. Given log 1752 = 3-2435341, log 17521 = 32435589, find 
log 1752-87. Am. 3-2435557. 

2. Given log 48664 = 4-6872078, 

log 48665 = 4-6872167. 

Calculate the table of proportional parts, and by means of it 
determine log 4866-439, log 48-66407, and the numbei-s whose 
logs arel-6872100, 8-6872135. 

Am. 3-6872113, 1-6872084, -4866425, 486646500. 

3. Given sin 16^. 24' = -2823415, sin 16^. 25'- -2826205, find 
sin 16^ 24'. 17''- 3, cos 73^ 35'. 22"-5, sin"^ -2824907. 

Am. -2824219, -2825159, W. 24'. 32"-08. 

4. Given cot 32^36' = 1-5636564, diff. for 1'= 10016, find 
cot 32^ 36'. 27"-59, cofU -5628793. 

Am. 1-5631958, 32^ 36'. 46"-55. 

5. Given L tan 34^ 36' = 9-8387571, diff. for r=2702, find 
L tan 34". 36'. 27"-3, and angle whose Z tan is 9-8388972. 

Am. 9-8388800, 34^ 36'. 31"-11. 

6. Given Zcosec 40^ 48' =10*1848072, diff. for r=1463, 
find Z cosec 40^ 48M7"-9, and angle whose Z sec. is 10-1847832. 

Am. 10-\B>4.1 ^^^, Vi^ • W • SQ"-16, 



EXAMPLES. 1S3 

7. Given a=18, 6 = 12, c = 10, find a, )5, y. 
Given J2^ 1-4142136, tan 54^ 44'= 1-4140943, 

tan 54^ 45' = 1-4149673, tan 15^ 47' = -2826573, 
tan 15* 48' = -2829715. 
Ana. o= 109^. 28'. 16"-39, y = 3r. 35'. 10"-8, /3 = 38^ 56'. 32"-81. 

8. If a= 5, 6 = 20, y = 90^ find a, /?. 
Given log 2, L tan 75*. 58'= 10-6021537, 

Z tan 75^.57' = 10-6016170. 

Ans. a= U\ 2'. 10"-48, ^3 = 75^ 57'. 49"-52. 

9. If a= 18, 6 = 2, y = 55°, find a, p. 
Given log 2, Z cot 27^ 30' = 10-2835233, 

L tan 56". 56' = 10-1863769, diff. for 1'= 2763. 

Ana. a= 119^ 26'. 51"-33, /3 = 5^ 33'. 8"-67. 

EXAMPLES. (B). 

1. If y = 90', a = 141, 6 = 193, solve the triangle. 
Given log 141 = 2-1492191, log 193 = 2-2855573, 

log 2390 = 3-3783979, log 2391 = 3-3785796 ; 
L tan 36^. 9' = 9-8636500, diff. for 1' = 2652, 
L sin 36°. 9'= 9-7707793, diff for 1' = 1729. 

Ana. c = 239018, a = 36°. 9'. 2"-7, /3 = 53°. 50'. 57" -3. 

2. If a = 254, ^ = 16^ y = 64°, find 6. 

Given log 2-54 = -4048337, L sin 80°= 9-9933515, 
L sin 16° = 9-4403381, log 7-109 = -8518085, 
log 7-11 = -8518696. Ana. 6 = 71-0919. 

3. K 6 = 246-35, a = 197-63, a= 34°. 27', find p. 
Given log 24635 = 4-3915526, log 19763 = 4-2958529, 

L Bin 44°, 50' = 9-8482180, L sin 44°. 51'= 9-8483450, 
Z sin 34°. 27' = 9-7525761. 

Ana. p = 44\50'.^r-^,OT\^^\^\'^^'*^. 
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4. If a = 25413, h = 375-16, p = 61«. 10'. 4"-2, find a. 
Given log 25413 = 4-4050559, log 37516 = 4-5742165, 

L sin 6r. 10'= 9-9425171, diff. for r = 695, 

L sin 36^ 24' = 9-7733614. Ans. o= 36*. 24 

5. If a = 53^ 24', )3 = 66^ 27', c= 33865, find a. 
Given Z sin 53^ 24' = 9-9046168, log 33865 = 4-5297511, 

L sin 60". 9' = 9-9381851, log 31346 = 4-4961821, 

log 31347 = 4-4961960. 

Ana. a =313-4601 

6. If a = 275-35, h = 189-28, c = 301-47, find a. 
Given log 38305 = 4-5832555, log 8158 = 3-91 15837, 

log 10770 = 4-03221 57, log 19377 = 4-2872865, 

L tan 31^ 45' = 9-7915635, L tan 31^46' = 9-7918458. 

Ana. a = 63^30'. 57"-^ 

7. Ifa=673-12, 6 = 415-89, y=90^ find a, )S. 

Given log 67312 = 4-8280925, L tan 58°. 17'= 10-2090013, 

log 41589 = 4-6189785, L tan 58°. 18' = 10-2092839. 
Ans. a= 58°. 17'. 23" -92, p = 31°. 42'. 36"-0i 

8. Ka = 456-12, 6 = 296-86, y = 74°. 20', find a, )S. 
Given L cot 37°. 10' = 10-1202593, log 15926 = 4-2021067, 

L tan 15°. 35' = 9-4454352, log 75298 = 4-8767834, 
Z tan 15°. 36' = 9-4459232. 

Ana. a = 68°. 25'. 18"-12, p = 37°. 14'. 41"-8{ 

9. If a = 576-12, c = 873-14, y = 90°: find a, )S. 
Given log 57612 = 4-7605054, log 87314 = 4-9410839, 

L sin 41°. 17' = 9-8194012, diff. for 1'= 1438. 

Ana. a = 41°. 17'. 8"-47, p = 48°. 42'. 51"-5: 

10. If a=4439, 6 = 4861, c = 8583. Bad p. 

Given log 8-9415 = -9514104, log 4-439 = -6472851, 
log 4-0805 = -6107027, log 8-583 = -9336391, 
Z cos 11°. 52' = 9-9906180, Z cos 11°. 53' = 9-9905914. 

Atib. p='I^\<tV.4e"-4( 
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11. If a= 38, p=iS\ y = 54^ find b, c 

Given X sin 64*^ = 9-9079576, Z sin 78^ = 9-9904044, 
X sin 48« = 9-8710736, log 38 = 1 -5797836, 

log 2-8870 = -4604468, diff. for 1 = 150, 
log 3-1429 = -4973306, diff. for 1 = 138. 

Am. 6 = 28-87039, c = 31-42945. 

12. One side of a triangle is double the other, and the in- 
dnded angle is a right angle, find the other angles. 

Given log 2, L cot 26^ 34' = 10-3009994, diff for 1'= 3159. 

Am. 26^33'.54"-19, 63^26'.5"-81. 

13. Ifa = 4, 6=5, c=6, find)5. 

Given log 2, Z cos 27^ 53' = 9-9464040, Z cos 27°. 54' = 9-9463371. 

Ana. )3 = 55^46'.16"-16. 

14. A rope dancer wishes to ascend a tower 100 feet high by 
a rope 196 feet long; at what inclination must he be able to walk 
op the rope 1 

Given log 2, log 7, Z sin 30^ 40'= 9-7076064, diff for r=2130. 

Am. 30^ 40'. 38"-76. 

16. If Z sin 16^ 26' = 9-4516322, Z sin 26". 27'= 9-4520603, 
find sin 16^ 26'. 46". 

Given log 2831-1 = 3-4519552, log 2-8312= -4519705. 

Am. -2831133. 



EXAMPLES. (C). 

1. If 6 = 354, c = 426, a = 49^ 16', find ft y. 
Given log 2, log 3, log 13, Z cot 24°. 38' = 10-3386231, 

Z tan ir. 22' = 9-3032609, Z tan IV. 23' = 9*3039143. 

Am. p = 53°. 59'. 4"-9, y = 76°. 44'. 55"-L 

2. If a= 60°, 6= 14, = 11, find Ay. 

Given log 2, log 3, Ztanll°.44'= 9-3174299, diff for r=6341. 

Am. /3 = 71°. 44'. 29"-52, y = 48°. 15'. 30"-48. 
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3. If a = 135, 6 = 105, y - 60^ find a, p. 

Given log 2, log 3, Z tan U\ 12' = 9-3348711, 

Z tan 12M 3' = 9 -3354823. 
Ana. a= 12\ 12'. 58"-8, )3 = 47*. 47'. T' -S, 

4. If a = 5, 6 = 12, c = 13, find a, p, y. 
Given log 2, L tan IP. 18'. 30" = 9-3009670, 

Z taa ir. 18'. 40" = 9-3010764. 
Am. a = 22^ 37'. ll"-52, p = 67°. 22'. 48"-48, y = ^Or 

5. Two sides of a triangle are as 5 : 9, and the included ari^le 
is a right angle, find the other angles. 

Given log 2, Iqg 3, Z tan 29^ 3' = 9-7446453, 

Z tan 29^4' = 9-7449428. 

Am. 29^ 3'. 16"-55, 60^ 56'. 43''-4r 5. 

6. Prove that tan ( /? + s ) = r tan ^ ; and if 6 : c = 21 : 2 ^, 

and a = 46°. 37'. 24", find )3. 

Given log 2, Z tan 23M8' = 9-6341426, diff. for 1'= 3477, 
Z ton 69°. 37' = 10-4299645, Z tan 69°. 38' = 10-4303516. 

Am. i8=46°.19'.4"-r^. 

7. If a= 140-5, b = 170-6, a = 40°, find A y. 
Given Z sin 40° = 98080675, log 1405 = 3-1476763, 

log 1706 = 3-2319790, 
Z sin 51°.18' = 9-8923342, diff. for 1' = 1012. 

Am. )S = 51°. 18'.21"-34, y = 88°.4r. 38''-6€. 

8. If a = 1 -56234, h = -43766, y = 58°. 42'. 6"-l, find a, )8. 
Given log 56234 = 4|, log cot 29°. 21'= -2500150, 

log cot 29°. 22' = -2497194. 
Am. a = 105°. 38'. 56"-95, p = 15°. 38'. 56"-^ S- 

9. If a = 3, 6 = 1, y = 53°. 7'. 48", find e without determiniJC^S 
a and fi. 

Given log 2, log 25298 = 4-4030862, diff. for 1 = 172, 
Z cos 26°. 33'. 54"= 99515452, Z tan 26°. 33'. 54"- 9-698970O- 

Atw, c= 2-52982^ 
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2jcS) sin 2 

10. If tan fi= _£, and a = 5, 6 = 2, y=120° find 0. 

Given log 3, L tan 61^ 17'= 10-2613287, 
X tan er. 18'= 10-2616286. 

Ana. tf=6r.l7'. 22"-13. 

11. One angle of a triangle is 60^, and the side opposite is to 
tlie difference of the two sides including it as 9 : 2; find the 
remaining angles. 

Given log 3, L cos 78^ 54'. 10"= 9-2843730, 

L cos 78^ 54'. 20" = 9-2842656. 

Am. n\ 5'. 44"-88, 48^ 54'. 15"-12. 
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MISCELLANEOUS EXAMPLES. 

1. Prove that the ratios of the angles denoted by a French and Engliah 
degree, minute, second, are expressed by 

3.3 3.8« 3.3« ^ , 

276' O""' 275^' respectively. 

2. Shew that m'=nC-^^m\ and »"*=3n'*+^ fi\ 

At Ox 

3. Shew that the area of a triangle is eqnal to 

sin ii sin 5 sm s -: — +-^—3 + -= — 1 • 
2 2 2vBina sm/3 sin7y 

4. One regnlar figure has twice as many sides as another, and an angle 
of the first is one-third as large again as an angle of the second; findUie 
interior angles of each. Ant, li4P, 108^. 

5. Solve the equations : 

sin 30 sin 4^ ~ sin 29 sin 0= ^ cos 40, 

4 sin (0 ~ 9) cos (0 + 9) = cos 60 cosec 0. 

An8. 0=600. ^=^Bin-i-^. 

6. If regular pentagons be inscribed and circumscribed about a drole^ 
then perimeter of the former : perimeter of the lattiftaVS +1:4. 

7. If cos 9= cos a cos /3+ sin a sin /3 cos ^y 
and sin' = sin a sin/3 cos' -^ , 

then Bin'|=sm(ii±£ + *)8in(^-0). 



8. If tan as = cos a tan y, then 



tan(y-»)=: 



taD'^sin22^ 
1+tan'^cos 
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9. Eliminate between the equations 

111= cosec^-sin^, »=8eo9-ooB9. 

A n$. {mn)i {mJ + »!) =i 1. 

a B 

10. If tan^^stan'^, andtan/3=2tan^, 

then ♦=!^. 

XI. If aoo89+& COS (9+ a) be put in the form 

^cos(9+^), 
ilnd the Tftlnes of A and B, 

Am. -4=V(o'+J'+2a6coso), 5=tan-i — ^^. 
^^ a+6cosa 

12. Divide a given angle a into two parts, whose sines are in the ratio 

_ . . , msina . , nsina 

*•• s n. Am, sm"^— := =, sm-^ 



_ ■■ ■ I OJJLk . ■ . - . 

/^i»*+n''+2m»C0Btt V**+^'+2»»»coso 
18. If cos (^ - a) , cos ^, cos (^ + a) are in h. p. , then 

cos^= V^co^n* 

14. The elevation of a tower standing on a horizontal plain is observed ; 
^ feet nearer it is found to be 45<^; h feet nearer still it is the complement of 

^liat it was at the first station; shew that the height of the tower is — r 

^eet. 

15. The distance between the centres of the inscribed circle and of the 

Qaoribed circle touching the side BG is 

a 
asec^. 

16. Prove the following expression for the area of a triangle, 

1 / o*eosj3cos7 6* cos a cos 7 c* cos a cos/3\ 

2 \ sino sin/S siny ) ' 

17. A number of spheres are put in a hollow cone one above another, 
•ad each touching the one above, the one below, and the sides of the cone ; 
«hew that the radii of the spheres form a geometrical progression of which 
the common ratio is 

tan«(450 + |V 
a being the vertical angle of the cone. 
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18. From one of the angles of a rectangle a perpendicular is drawn to 
its diagonal, and from the point of intersection lines are drawn perpendicular 
to the sides which contain the opposite angle; shew that if p, p' be the per- 
pendiculars last drawn, and d the diagonal of the rectangle, 

19. If two circles whose radii are a, h touch each other externally, and 
if 9 be the angle between their common tangents, shew that 






20. If (a+&)tan(9>0)=:(a-&)tan(9+0), 

a cos 20+ & cos 29=e, 

then 6' - a' - c*+ 2ac cos 20= 0. 

21. If cot/3-cotd=cot(a + ^) + cot(a-/3), 

^. 'sin (a - Q) sin (a + &) 

then . J^' = — 7—5— . 

sm/S sm^ 

22. If tan ^=2 - V^> ^^ sin a. 

23. The eleyation of a tower at a place A due south of it is ^\ and at a 
place B^ due we^t of ^, and at the distance a from it, the elevation is 18*: 
shew that the height of the tower is 

a 

V(2V5 + 2)' 

24. If sina+sin(^-a) + sin(2^+a)=sin(^+a) + sin(2^-o), then 

^=cos^ — ^ — . 

y^ mtan(tt-a;) n tan as 
^* -" 00B«aj ""coB''(a-x)' 

then tan (a - 2«) = tan a. 

26. If a, a' be homologous sides of similar triangles inscribed in and 
described about a giyen circle, then 

... a . fl . 7 
a=4a'Bm2sm|sm^. 

27. In the ambiguous case in the solution of triangles, if a, /3, 7, a , /S', i 
be the angles of the triangle in the two solutions, 

Bin 7 siny ^ 
-T— ^ + -V— 57=2 cos a. 
sm/3 sin^ 
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88. The elevation of two clouds to a person in the same line with them 
is a. When standing on the shadow of one of them its elevation is 2a, and 
the other is yertically oyer him. Shew that the heights of the clouds are as 
2oos*a:l. 

29. At each of three stations in the same horizontal plane, and at given 
^iistanees from each other, the elevation of a tower is observed to he a ; find 
the height of the tower. 

30. In any triangle 

a cos 2/3+25 cos a cos /3+a cos 2y+2c cos a cos 7=0. 

31. If ^(a' - aj*) cos /3 + a sin a =a; sin /3, then 

x= =F a cos (ast/3). 

. s 

32. The elevation of a tower on a horizontal plane is observed : on 
•^vandng a feet nearer its elevation is found to be the complement of the 
former ; on again advancing its elevation is found to be double of its first 

elevation : shew that the last station is ^ feet from the foot of the tower. 

83. If the line bisecting the right angle 7 of a triangle divide the hypo- 
wexinse into parts af, y, then 

a-jS 
a: y=l-« : 1 + ^ where <=tan— ^. 

^ If Bin^ + sin2^=m, 

cos^+coB2^=n, 

86. (sin a + sec a)' + (cos a + coseo a)* = (1 + sec a coseo o)'. 

86. tan-i { 4 (cot« e - tan^ ^) } = 2 tan"* (cos 2^). 

87. A person observes that a tower and spire on a hill subtend the silkkiA 
*^^e /9 ; on ascending the hill a feet, he finds the tower subtends an angle 7 
^^cl the spire again subtends an angle /S; shew that the height of the spire is 

asin/S 
sin (7-^)' 

88. If the diameter 212 of a semicircle be divided into any two parts, 
*^icl on these parts semicircles be described whose radii are r^, r,; then the 
^^^08 of the circle which touches all three semicircles is 
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•A Of. ., . sin2a+8m4a+8m6a . . « 

89. Shew thai 5 — = rs = tan a + tan 2a, 

40. A person on the top of a monntain observes the depress: 
an object on the plane below him: he then turns throngh an ang 
and observes the depression of another object on the same plane 1 
On descending the mountain he finds the distance between the olrj 
Shew that the height of the mountain is also cL 

41. If a, j3, 7 be in arithmetical progression, 

8in(a + /3) Bin(^ + y) 



sin(tt-/3) Binifi-y) 



=2 cos 2/3. 



42. A tower stands in a field in the form of an equilateral tria 

4 4 4 

subtends angles tan"i -r^ , tan~^ -7^ , tan~i --= at the three comers : i 



is equal to a 


side of the field. 


43. If 


tfttt—i _ tan"* =s — . 

^^ x-1 a; + l 12' 


then 


aj=V3 + l. 


44. U 


tan (^+0)=m tan (^- ^), 


and 


a cos' 0=5 cos* 9, 


then 


• ^ (m+l)«6-(m-l)«a 
Ann* A = -1 .4-. i r4^-^ a 



45. If X, y, 2 be the lines joining the feet of the perpendiculars 
angles of a triangle upon the opposite sides, 

then -5 + f, + -, = — o-T — • 

46. If oos(a-/5)sin(7-8)=cos(a+/3)sin(7+5), 
then cot 8 = cot a cot p cot 7. 

47. Shew that 

sin a cos (/3 ~ 7) • sin /3 cos (7 • a) = sin (a - /3) cos 7. 

48. Shew that 

. . 1 + tan - 

cosa.Hsm7-sm/^ ^ 1, if « + /3+7=900. 

cos/3+sm7-smo j.^^? 



49. Shew that 

2 eosec 20 ~ 



2cosec29 



fsec^ \ 2/ 
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60. Ifa+3+7=0, 

008 a + 008/3 + OOB 7 + l = 4obs| 008^008^* 

61. H the area of a triangle be constant, the sum of the cotangents of 
^ angles yaries as the sum of the squares of the sides. 

52. A oolnnm on a pedestal 20 feet high subtends an angle of 45® to a 
Pfinon on the ground ; on approaching 20 feet it again snbtends an angle 
^iS9, The height of the colmnn is 100 feet. 

58. Shew that 
oos» 0"+ cos* (o" - ^ +C08* (o"- ^) +cos» ((T - ^) =2 +2 cos 9cos ^ cos ^, 

.here ,r=*±|±i. 



64. If tan9=cos2a, 
^en sin 29= 



1 - tan^a 



1 + tan*o' 
65* Shew that 

^^- Shew that in a triangle 

'(r« - r) (rj - r) (fo - r) -• 4i2r*. 

df^^ ^ a'*^'^ ^ ^® perpendiculars from the centre of the drciimsoribed 

® Xipon the sides a, b, e respeotiyely, then 

o ^ , ^ _ 1 ^<^ 

^ Shew that cos-i^.sm-i|=tan-ir?:i^i:i5^ 

• If a=tan-i = , /3=tan-ig, then 

cos 2a = sin 4/3. 

If 2tan»+tan(a>«)=tan(/3+»), then 

. sin(o-/5) 

2 sin a Bin d 
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61. From the top of a tower the depressions a, p of two objects in the 
same horizontal plane with the foot of the tower are obseryed, and also the 
angle w which they subtend; and the distance a between them is known; the 
height of the tower is 

a sing sin jS 

'\/ {»iD^ a + sin^P" 2 em a an p COB ta)' 

62. Shew that 
smo+sm/3+sm7-sm(o+/3+7)=4Bm-x— sin— ^ sin ^ ' -, 

A a A 

63. If sind + sin^=m, 
and cosd+cos0=n, 

then cos (^ + ^) = -»- — = . 



64. Shew that tan-i.r^^-^-tan-'^^^=*- 

1— icsin^ COS0 



^ COS0 

65. If the tangents of the half angles of a triangle be in arithmetical 
progression, shew that the cosines of the whole angles are so also. 

66. Shew that 

, 1 - m' , 1 - n* . , 2 (m - n) (1 + mn) 
cos-i :p; — 5 - cos-i =---r=tan-i \ ^ll^ / 

67. If the straight line which bisects the angle BACoi a triangle divides 
the side BC in the ratio m : n, then 

nsina 



tan /3 s 



m-n cos a 



68. Prove that the product of the perpendiculars from the angles on the 
opposite sides equals 

aJbe 

69. If lines be drawn from the angles of a triangle to the centre of the 
inscribed circle, and the points where these lines meet the circle are joined 
80 as to form a new triangle, shew that its sides are in the ratio 

. o a . B P » y y 
sm^ + cosj : sm^+cosj : sm '+C0S7. 
4 4 4 4 4 4 

70. Eliminate and ^ from the equations 

o sin'd+ 6 cos*^= o, 
& sin^ ^ + a cos' = /S, 

atan^=6tan0. 

1111 

Am, - +r - - +ii. 
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71. Shew that the value of a cos 2^+ & sin 20, when tan 9=- . is a. 

a 

72. Binttsin/3sin(o-/3) + sin/3sin7sin(/3-7)+sin7sinosin(7-o) 

=|{sin2(a-/5) + sin2 03-7) + Bin2(7-a)}. 

73. A oirole is inscribed in an equilateral triangle (side a), and another 
eirole tenches this oirole and two of the sides, shew that its radius is ^^ . 

Qy/o 

74. AB iB tk tower at the foot of a hill whose inclination is ^ ; C, D are 
two stations directly up the hill from B such that £C=CI), and ^ ACJ)=a, 
^ADC=p. Shew that d is found from the equation 

sin a sin p 



cotd= 



2 cos a sin /3 + cos j3 sin a * 



75. If sin a be the arithmetic, and sinjS the geometric mean between 
sin 7 and cos 7, prove that 

cos 2o = 5 cos 2/5 = cos' (45® + 7) . 

76. If a, j9, 7.are each less than 90®, then if sin'o+ sin'/3+ sin^7=l, any 
two of them are together less than 90®, and if cos^a+cos^/3+coB^7=l, any 
two of them are together greater than 90®. 

77. If ABO be a triangle, prove from the definitions that 

sin (7=sin il co8^+ cos A sin B, 

78. A balloon considered as a vertical object of given height floats at 
i constant height above the earth, and subtends angles a, /3 at a place when 
the elevations of its lowest points are A^ B respectively ; shew that 

tan {A + a) cot A =tan {B+p) cot B, 

79. Eliminate a and /3 from the equations 

sin a cos /3 sin ^ + cos a cos 9 = il , 

sin a cos p cos - cos a sin 0=Bt 

sin a sin j3 cot ^ = c. 

Ans. ^a^^=l-c»tan»tf. 

80. Find the relation between a, b, c that an angle of a degrees may be 
^'^nsfed bj b, when the unit of measurement is - , w being the unit of 
'i'BQiic measurement. Auft. T<iA=-lft(Mk. 

AT. ^ 
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81. Eliminate and 4> from the equations 

COB ^ sin a + COB ^ cos a=:e, 

coso "" sino * 
cos 9 __ cos 
sin a cos a * 

Ant, 2 (l + sin 2o) (<J» - 1) = c* sin* 2eu 

82. JiA,JB represent a certain angle in two systems whose units are the 

angles subtended at the centre of a circle by — th, -th parts of the circmn- 

fn n 

ference respectively, find the relation between A , ^, and express the angle 
in degrees. Arts, An=' Bm^ and angle = — . 360^. 

83. If the sides of an acnte-angled triangle of given perimeter be in a. p., 

the common difference of the sides cannot exceed, and the radius of the 

1 
inscribed circle cannot be less than j^th of the perimeter. 

84. A, B are two objects in the same horizontal plane, P a point at 
which the angle a subtended by il^ is observed : from P two persons walk in 
directions at right angles to PA^ PB respectively to points Q, R, at each of 
which the angle subtended by ii^ is a : if PQ=a, PR=h, find the distan ce 
^^, a being acute. Ans, sjd^ + 6^ + 2o6 cos a. 

85. Eliminate a, &, c from the equations 

o=6cos(7+ccos5, 

6=acos C+ccosil, 

c=a cos B + & cos i. 

Ans. cosil +cos(B=bC7)sO. 

86. Eliminate 6 from the equations 

cosec*^=mtan^, 
sec'^=ncot ^. 

Ant, ijm,+ i>/n3B >^/mW. 

87. The numerical measures of the angles of a quadrilateral when 
referred to units P, 2<^, 3<^, 4<^ respectively are in a. p., and the difference 
between the second and fourth is 90^; find the angles. 

Ans. 300, 66«, 108«, 156o. 

88. A person walking up a slope towards the summit of a hill observes 
the elevations of the summit B.i A, By C to be a, 2a, 3a respectively; and 
also finds that A B : BC= 1 : n. Shew that the inclination of the slope is 

n sin 3a - sin a 



4 

1 



tan-1 



n cos 3a - cos a * 
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^. If ABCD be a qnadrilateral figure capable of having a drde in- 
iBXibed in it, and also described about it, prove that the radios of the 
iz^seribed drole is eqnal to 

AB-^BG+CD^-DA 

2 (cosec A + coseo B + cosec C + cosec D) ' 

90. If A*B'(y be the centres of the escribed circles of a triangle ABCy 
asi.cl the centre of the inscribed circle, shew that the radii of the circles 
dxcumscribing A*B'C A'OBf, A'OCy B'OC\ are each equal to twice the 
of the eirde circumscribing the triangle ABC. 



91. If in last question a'6V be the sides of the triangle A'B'Cfy shew that 
wlaere 2<r= a' + 6'+ </. 



92. If 



^/Bin(g+2A) A/(j3^-a«)Bin + 2aj8 cos 



cos(2^+X) cos^(/3cos^-osin^)-sin^(/3sin^+acos^) ' 



then tan X=3. 
P 

98. In a triangle 
nn a jdn (o - /5) sin (o - 7) + sin /S sin (j3 - a) sin (j3 - 7) 

+ sin 7 sin (7 - a) sin (7 - /3) = sin a sin /3 sin 7 - sin 2a sin 2j8 sin 27. 

94. Find 6 and <t> from the equations 

p sin* d-q sin* 0=p, 
p cos* ^ - 2 cos* = 5. 

Aim, cos ^= a/— 7^ — r, cos0=>v/ -^^— . 

95. If a, /3y 7 be unequal and each less than ds27r, and if 
cos a + cos /3+ cos 7=sin a + sin/3 + sin 7=0, 

^^ cos'o+cos*/9+cos*7=sin*a + sin*/3 + sin27=5, 

fl 7 a 7 a B 

cos 5 cos ;^ cos 5 cos ^ cos jr COS ^ 

Vo. If , , ^— -^ , ^ are m A.P., so also are 

p-7 a— 7 a-3 

008 ^-^-^ cos — s"^ cos —5^ 

^^ 2a, 008 2/3, COB 27, a, /3, 7 being the angles of a triangle. 

^^ 97. If in a triangle ABO lines be drawn through the angular points 
^^lined at an augle a to the three sides respectively, and A'SCf be the 
^^^^ni^ formed by their intersections, shew that area of A' BO : area of 
'^<d(7&B«in'(^-o) : sin^^^ where oot0=cotA + cot B-vcotO. 
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98. If (1 + Bin ^ (1 +Bin^) (1 + am f)=cofl 9 oo8 ^ oos ^, 
shew that sin^+sin^+sin^+sindBin^ftin^sO, 
and sec* + sec*^ + sec* ^ - 2 sec ^ see see ^= 1. 

99. The fonr common tangents drawn to two circles (radii r, r*) form a 
qoadrilateraL If 2a, 2a' be the inclinations of the pairs of tangente which 
are similarly situated, shew that the area of the quadrilateral is 

r/ (cot a - cot a!), 

100. Shew from a figure that 

tan800=V3+4coslO». 

101. If a circle be drawn touching the sides A B, AC of a triangle ABO 
produced, and the circumscribed circle, shew that its radius is equal to 

, -, . a 3 y „a 
4R sm - cos I cos ^ sec^ ^ • 

102. Eliminate from the equations 

asin^ 6cos^ * asin*^ Jcos^^ 



"- i(!)'-©'ne)'K!)*i'-' 



103. If in a triangle ABCj PD be drawn from a point Pin AC inclined 
to ^67 at an angle d, and meeting il^ in D, so as to bisect the triangle, then 

2AP^ 
cot 0=—. — cosec ^ - cot il. 
he 

104. If A BCD be a quadrilateral inscribed in a circle, and 0, P the 
middle points of AB^ CD^ and if 



then 



POA=0, OPC=<p, AB=2ay C2>=26, PO=c, 

tang ^ c^-ga + y 
tan0~c» + o2-6a* 



j^Qg jl tan (x+y) __ tan(y-f z) __ tan(g + 2) 

a + 6 "~ 6-fc "" a+c 

. tan(a; + y) _ tan(y-2) _ tan {x - z) 

a' + b' " b' + t/ " a' + c' 



then 






106. Eliminate $ from the equations 



-=cos^+cos2^, ?-=sind+sin2^. 
a b 



- {^-t-$M*iy*i- 
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107. A,B, 18 a triangle^; A', B\ C the middle points of the arcs BO, 
AC, AB of the oiroumsciibing eirde. If chord B'C/ intersects AB, AC in 
L, 3ft shew that 

aein-sin^ 

AL=^AM= 

a 
Bin a cos jz 

108. OP is a vertical pole in a circnlar inclosure ADBC, AB a, diameter 
of the indosnre, and CD a chord through 0. If 3a, a be the elevations of P 
tA A, B and 20, $ &i B, C respectively, shew that 

cos 2tf =cos a cos 3a sec 2a. 

109« Three lines parallel to the sides of a triangle pass through a point 
and ent off portions of the triangle whose areas are to the area of the triangle 
t^m ilfn :ltp: I respectively : shew that 

110. The area of the triangle formed by joining the centres of the 
eeoribed circles is 

1 « a /3 7 

5 8 cosec 5 cosec g cosec ^ . 

111. Shew that 

4 sin^o 



tan a (tan 2a) ^ (tan 4a)« = 



(2 sin 8a)i ' 



112. Find all the values of x which satisfy the equation 

vers-i (!+«)- vers-i (1 - a?) = tan"' 2 V(l - x\ 

Am, ±1, - . 

113. In the three edges of a cube which meet at one angle, three points 
A.^ B, C are taken at distances a, 5, c from that angle respectively. The area 
of the triangle A BC is 

114. Determine x from the equation tan (a + a;) = m tan a;, and explain the 
result when m=l. 

115. If AD, AE be drawn bisecting the interior and exterior angles at A 
of a triangle ABC, and r^, r,, r,, r^ be the radii of the circles circumscribing 
the triangles ABD, A CD, ABB, ACE, respectively^ then ViV^^r^r^, 

116. Having given the area, base, and vertical angle of a triangle, find 
tbe other angles. 
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117. Having giyen two sides of a triangle, and the difference of 
angles opposite them, determine the angles. 

118. If the angle a be divided into two parts so that their yersed mar^* 
may be in the ratio m : n, one part is 



2 cot~^ Jcot + ^- cosec A , 



119. If r, r' be radii of the circumscribed and inscribed circles a£ 
regular polygon of n sides, shew that 



r+r'=a cot rr- , 
2n 



where 2a is one of the sides. 



120. Find the number of acres in a fidd whose sides are 400, 800, 
300 yards respectively, and one angle adjacent to the largest tdde is a rig! 
angle. 

Am. ^(5Vll+24)«ore 

121. In a triangle 

sm* 2+sm'^+sm« ^ + 2 sm^ sm I sin ^=1. 

loA oi. Av X sina±sin«o+sin(2n-l)o . 

122. Shew that j^ r^ =tan no. 

cos a ds cos na + cos (2n - 1) a 

123. If the sides of a triangle are in arithmetical progression, the pe: 
pendicular on the mean side from the opposite angle, and the radius of il ^ ® 
escribed circle touching the mean side, are each three times the radius of 
inscribed circle. 

124 If acoB^d+hBm^$=meos*<p, 

a sin' d+h cos* 0=n sin* 0, 
m tan' ^=n tan' 4>, 
then (a + &) (m + n) = 2mn, 

125. Solve 8sin-iajsin-i2«=8(sin-i2aj)»-3(sin-ia;)'. 



126. Solve 8cos^«-^ + — s» 

Sm ^ QOB0 



1 VI 

Ana, ac^sfco <>' '^^ 




. - nir . ir 

Ant. «=-ft-+ \^ ®' ***" + 
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127. The distanoe between the centres of two wheels is a, and the sum 
of their radii is c; shew that the length of a string which wraps round 
them and crosses between them is 



V(a*-c») + c rT+28in-i^V 



128. An object a feet high at the top of a tower subtends a given angle 
a at a distance d from the foot of the tower. The tower's height is 

a y/ia^-^-Miaoota-d)} 
2 2 

Explain the negative result. 

129. In a triangle, if a, &, c be in arithmetical progression, then 

sinro+^J=2sin|. 

180. Shew that cot 7= - cosec a - cot a, and adapt the result to logarith- 

c 

mic oompntation. 

131. Shew that tan 9 tan (60 + 9] tan (60 -0)= tan 3^. 

«A» T-sin(fl5+a) 1-m ., 

132. If — j K = r-. — » then 

cos (a;- a) 1+m 

tan (45<> - a) = m cot (450 - a). 

133. The hypothenose AB ot & right-angled triangle ACBia divided in 
J> 80 that AD : BD^CB : CA. Shew that 






a+6 

134. Eliminate d from the equations 

(0+ 6) tan (^ - 0) = (a - h) tan (^+0), 

a cos 20 + & cos 2^ = c. 

Ana, 6' = a' + c' - 2ac cos 20. 

135. If the lines drawn from the angles of a triangle perpendicular to 
the opposite sides meet in a point whose distances from the three angles are 
l>, 9, r, respeotivelj, then the area of the triangle is 

j(pa+26+rc). 
Shew also that a*p cosec a + h\ cosec /3 + d^r cosec 7 = 2abc. 
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186. The area of the triangle formed by joining the centres of 



escribed circles is 



abcy/s 



2V{(«-a)(«-6)(«-c)}- 



143. In any quadrilateral 

tan a + tan /9 + tan y + tan 9 



= tan a tan /3 tan 7 tan 8. 



cot o + cot j3 + cot 7 + cot d 
144. Shew that 

2tan-.[tan-yjtang-,)i]=cos-^(^^^p. 



137. Shew that 

sec' (a + 45) - sec' (a - 45<>) =s 4 tan 2a sec 2a. 

138. If cos (<r - 2a) + cos (a* - 2/3) = cos (a* - 27) + cos (o- - 25), where 

<r=o+/3+7 + 5, 
then tan a tan j3= tan 7 tan 5. 

139. One angle of a triangle is 60®, and the sides including it are in IKzzie 
ratio 5 : 3. The other angles are 

tan-i-y- andtan~i5V3. 

140. If the sides of a triangle ABC be divided into parts at D, E, _^, 
which have to one another the same ratio n : 1, shew that if the poin^t- is 
D, E, F be joined, the triangles A DP, BDE, CEP are all equal, and that 

^DEP I LABC=n*-n+l : (» + l)«. 

141. If cos o = cos /3 cos = cos /3' cos 4>\ 

and sm a=2 sm -^ sm -^ , 

shew that tan^=tan^tan^. 

2' 2 2 

142. A person walldng along a straight road observes that the greats*- ^* 
angle which two objects make with each other is a : from the point whe — *^ 
this happens he walks a yards, and the objects there appear in the sf 
straight line making an angle /3 with the road: the distance between 
objects is 

2a sin a sin )3 
cos a + cos p ' 
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145. A diole is described abont a triangle ABd and a new triangle is 
by joining the points of bisection of the arcs subtended by the sides 
o£ ABC\ shew that the angles of this triangle are 

90-?, 90-|, 90-|; 
d the sides are 



2 sin 5 2 sin ^ 2 sin ^ 

£ a A 

and its area : area of triangle ABC=1 : 8 sin | sin ^ sin ^ . 



U6. Three circles whose radii are a, h, c tonch each other externally ; 
prove that the tangents at the points of contact meet in a point whose dis- 
tance from any one of them is 



/ / abc \ 



147. If o = coseo tan^ (cosec* ^ + 1) + sec 0, 
and h = tan^ (cosec* ^ + 1) - tan ^, 

then a* -6* =2*. 

148. A person wishing to determine the length of an inaccessible wall 
PUoes himself due south of one end, and due west of the other, at such 
Stances that the angles which the wall subtends at the two positions are 
^ftoh eqnal to a. If a be the distance between the two positions, the length 
of the wall is a tan a. 

149. A vessel observed another vessel a® from the north sailing in a 
direction parallel to its own. After an hour's sailing its bearing was p^y and 
*tter another hour 7®. In what direction were the vessels sailing ? 

An.. ^ +tan-» jtan'l^ cot (/S-"-|^)j , 

..,.., tan B (tan a + tan 7) - 2 tan a tan 7 

or otherwise, tan~^ ~- — - — rr-- — r • 

2 tan j8 - (tan a + tan 7) 

150. A circle is inscribed in a triangle and tangents drawn parallel 
^ each tide and intercepted by the other two. If 2, m, n be the lengths of 
the tangents opposite the sides a, 6, c respectively, then 

-+V+ =1. 

abc 
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151. A circle is inscribed in a triangle ; similar triangles are oat o£f by 
-tangents to the circle, and in these triangles are inscribed other circles; 
shew that the radius of the first is equal to the sum of the radii of the 
others. 

152. Two squares may be inscribed in a right-angled triangle, one 
having two sides lying on the sides of the triangle, and the other having one 
side on the hypothenuse ; shew that the latter is always the least. 

153. The distance between the centres of the inscribed and circum- 
scribed circles is y/ifi^ - 2i2r). 

154. In the triangle ABC, B'C is drawn through A parallel to BC, and 
^'5' through (7, perpendicular to -40, and A'C through B perpendicular to 
AB\ shew that the area of the triangle A' B'C is 

o* cos* (j8 - 7) 



2 ' cos /3 cos 7 sin 4' 



155. A person walks x yards from il to J^ along the side AB oi the 
triangle ABC, and observes the angle AEC—B. Again he walks y yards 
along BA from B to F and observes CFB=^e, Given AB=c, find the other 
sides of the triangle. 






156. In the hypothenuse AB ot & right-angled isosceles triangle ACB, 
D is taken so that CD is equal to = CB. Shew that AB Ib divided in 2> in 
the ratio 8 : 4. 

167. If csin^-asin(d+0)=O, 

a sin 0-5 sin ^=0, 
cos^-cos0=2m, 
then (a-6){(a+6)'-c*}+4a6»w=0. 

158. From the summits of two rocks A, B tki sea, at a given distance d 
apart, the dips a, /3 of the horizon are observed, and it is remarked that the 
summit of ^ is in a horizontal line through tiie summit of A ; Bbew that 
the radius of the Earth is 

d 
cos~^(seoaoos/5)' 



MISCELLANEOUS EXAMPLES. 155 

159. Of the three squares which can be described in a triangle so that 
ene tide of the square coincides -with part of one side of the triangle, the 
greatest is that which is on the least side. 

160. If the perpendiculars from the angular points of triangle ABC 
meet the sides in D, E, F, and It, Jt^ be the radii of the circles described 
about triangles ABC, DBF, and r^ the circle inscribed in DBF, prove that 

^^n^ and ri=2J2 cos a cos 9 'k^sy. 

161. In a triangle 

a* : 6* : c*=ootj3 + cot7 : cot7 + coto : oota+cotjS. 

162. A person walking along a straight road obseryes the greatest eleva- 
tion of a tower to be a. From another straight road he observes the greatest 
delation of the tower to be /3. The distances of the points of observation 
fi^om the intersection of the two roads are a, b respectively : prove, that 
tbe height of the tower is 



Vcot^iS-cot'a/ • 



168. If the inscribed circle touch the sides of the triangle ABC in 
i'^^ts A'B'C, and i2^, J?,, iSj be the radii of the circles circumscribed about 
^-fi'C, BA'a, CA'B! respectively, then "IRJi^^r^R, 

164. If in a triangle ABC circles are described with centres B^ C Ui 
^HQh the opposite sides and intersect in ^', then 

cos BA iJ=^ — s — : — S~~= • 

2 sm p sm 7 

165. Prove that 

tan-i tan-i __^ _ gi^-i ^ -^ . 

166. Eliminate 6 from the equations 

a sin 8^ - & cos 8^= c sin 26 V(cos 20), 
a cos 8^+ & sin 8^= c cos 2eyJ{Qo^2e), 

Ant. (a»+6«)«=c*(iit"-5n. 

167. If (aBi'+y*)sin*o=(ysin/5-af00S/5)*, then a=ytan(/9<ka). 

168. If «cos^=5, a!oos(2a~0)=c, 
ttMQ af==-{(6+c)'seo"a+(6-c)»cosec»o}i 
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169. If Bin^=Bin^+Bm^, oos^=co8^+eo8tf, oot^=cot^+eot^, And 
$, ^, }p, Afu, e=16Q^, ^=90*, f=-30». 

170. If be the centre of the circle inscribed in the triangle ABC; 
D, E, F the points of contact, and p^, p,, p^ the radii of circles inscribed in 
AEOF, BDOF. OBOE, then 

171. Froye that the tangents of the angles of depression of one balloon 
observed from another at equal intervals of time are in a. p., if the two 
balloons are under the influence of. the same horizontal currents of air, and 
are moving in straight Hnes. 

172. Solve the equation 

cot ^+cot r^+l^ j +cot f ^+ -^ j =3 cot 3o. 



Ant. ^ = — +a. 
o 



178. Shew that 



cosec* a+ cosec* ( « +3 ) + oosec' ( «+ -^ ) =9 cosec" 3a. 

174. ^^ is a diameter of a circle produced to any point P, and AC, 
AD are chords of the circle. If BO, BD, PC, PD are joined, shew that 

tan POB : tan PBB =:coi B AC : ooi BAD. 

175. In a triangle, shew that 

8 sm ^ sm ^ sm ^ < 1, 
nnless a=/3=7. Hence shew that if B=2r, the triangle is equilateral. 

'176. If D, E, F are the feet of the perpendiculars from the angles 
A, B, ol 2k triangle on the opposite sides, and D', E\ F the points of 
contact of the inscribed circle, shew that 

i>Z)' sin a+^^' sin /3+i5'/"sin7=0, 

if DI^, EE, FF' have the same signs as6-c, c-a, a-6 respectively. 

177. In a triangle ABO, if 2>, JF, J^ be the points of contact of the 
inscribed circle, and AD, BE, CF meet the circle in D^, E', F\ shew that 

AE^ BF^ CD*_^ 4 (r,« n' , r^) 
AB^^BE'^'^CF'^ "^t U ■*■ 6 "^ ci' 

178. If a+/9+7+ 8=860^, and tana, tanjS, tan7, tan$ be in o.p., 
then tan a tan 5 ■= tan j3 tan 7=1, and if tan a = a, find the other angles. 

Ans. tan/3=v^a, tan7=v'a~\ tan5=a~*. 



179. If 
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6eme 88in2^ SsinS^ 



eoB{ip+ff) cos (0 + 2^) cos (0+3^' 
thentfsO. 

180. In a triangle 

X « . A ft« X A sin 4o + sin 4)3+ sin 47 

tan 2o+ tan 2fl+tan 27=- , 3 ^-^ ^ . 

1 + cos 4a + cos 4^8 + 008 47 

181. In a triangle 

l + cosC7<2 f cos — ^ +sm — «" )• 

182. A BCD is a quadrilateral fignre inscribed in a circle whose sides are 
in G.p. (common ratio r) : shew that 

tan-4-BC7 : tanjBCi)=r»-l : r*+l. 

183. If AD, BO, OF bisect the angles of a triangle ABCy shew that 

triangle DBF : triangle ABC= 2dbc : (a + 6) (a + c) (6 + c). 

184. If lines be drawn from the angular points A, B^ of a, triangle 
through the centre of the inscribed circle to meet the circumference of the 
eiieumsoribed circle in P, Q, 72 respectively ; shew that the product of the 
adii of the circles circmnscribed about BOP, BOA, COQ equals the product 
of those about BOB, AOQ, COP, and also equals 

r*(a + 6+c)*' 

185. If Pi,Pi, Pi he the perpendiculars from the angles on the opposite 
sides of a triangle, and qi, q^, q^ the perpendiculars from the centre of the 
cinmmscribed circle upon the same sides respectively, and r the radius of 
tbe inscribed circle, then 

Pi Pi Pi 

186. A triangle is described about a given circle, and three different 
(iiniUr triangles are escribed about it. Prove that each side of the first 
triangle is equal to the sum of the corresponding sides of the escribed 
triangles. 

187. If be the centre of the escribed circle touching the side BC 
of the triangle ABC, and BO, CO be produced to meet AC, AB produced in 
''1 B, then 

OE ^V 



OF' . /3-a* 
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188. If p, q, t be the distances between the centres of the esenbed 
circles of a triangle, then 

— 5=gSinasini3sinY. 

Shew also that area of triangle is eqnal to 



''''^/^^^-''^ 



189. Prove that (1 + sec a) (1 + sec 2a)(l + sec 4a) ... to n factors is equal to 

tan2»-itt 

tan - 

190. If ^, ^' are the peaks of two mountains, and BC & straight hori- 
zontal road ; shew that the nearer of the peaks will just conceal the other at 

• • # 

some point of the road, if -; — ^ = -. — «,, where a is the altitude of ^, as 
*^ ^ sin/S sinjS" 

seen from any point B of the road, p the angle ABC, and a\ /3' similar 

angles for the peak A^ as seen from any point Bf of the road. 

191. ADB is a semicircle; AB (2a) its diameter; CD any radius 
dividing the semicircle into two sectors in each of which is inscribed a 
circle : these circles touch AB in. M and N, Prove that if MN=^b, and r, r' 
be the radii of the two circles, 

(a - 6)«= (a - 2r)(a - 2r') = (^J. 

192. If o2=y*+2' + 2y2C0S^, 

6«=2' + ic*+2flacos0, 

c* = «* + y* + 2a^ cos x» 

and ^ + + X = IT, prove that 

2yzsin d+2aa sin 0+ 2a!:y sin x= s/{a+b+c)(a-{- b - c){a - 6+ c)(6+c- a). 

193. If the sides of a triangle ABC are divided in points A\ B\ C so 
that 

BA'x A'C=CB''. BA^AC : CB=m : w; where m + n = l, 

and if AA\ BB\ CC be joined and a triangle formed whose sides are equal 
to these three lines, then its area equals (1 - mn) times the area of ABC, 

194. A man walks directly towards an object A until two other objects 
B, C subtend the greatest angle in his path, when he observes that A and B 
appear under the same angle (a) as B and C, He then walks directly 
towards O until A and B subtend the greatest angle in his new path, when 
he once more observes that A and B appear under the same angle (/3) as B 
and C, If the length of his walk between the two observations be d, shew 
that 2^=900 + a, and find the distancesiii^, BC, AC. 

Ana, il£=<2sinasec/3, BG=di8aip, 

-4C=eZ/s/l + 4sina+12sin»a+8Bin'a. 



MISCELLANEOUS EXAMPLES. 159 

195. The STin's rays supposed parallel, cast a shadow throughout the 
day on a horizontal table of a sphere resting on the table. The sun's alti- 
tude is a when it is S.S.E., and /S when it is W.S.W. : prove that if i> be the 
clistance between the two points of the shadows farthest from, and d the 
distance of the two points nearest to, the point of contact of the sphere, 

d=2>tan^tan^. 

196. Solve the equation 

2s^2 1 a 2sin»a 

COB ^ + s cosec" s - — -— =cos a+ r cosec' ^ . 

2 2 cos^ 2 2 cos a 

. . a-^0 ^ , a-O ^ - 1 cosa-1 

Ana, sin-rr— =0, sin— ^-=0, cos^=r or , 

2 2 1-cosa cos a 

197. Two circles (radii iZ, r) touch each other internally. A tangent to 
^ smaller circle is a chord of the larger, and is inclined at an angle $ to 
their common diameter, shew that its length is 

2V(i2-r)(H-sind){i«:(l-sind) + r(l + sin^)}. 

198. Ois the centre of the inscribed circle in the triangle ^£(? ; P, Q, i2 
•^o the centres of the circles inscribed in BOCf COA^ A OB respectively: 
P'ove that the area of the triangle PQR : the area of ABC :: 

^A,B.Cf^A^B^C^\^ A B C 
sm — sin — sm 2 ( tan-^ + tan j + tan j + 3 j : ^ cos -^ cos -^ cos 5- . 

199. and E are the centres of the circles inscribed in and circum- 
'cxibed about the triangle ABC, and J) is the intersection of the perpendi- 
^UIats from A, B, C on the opposite sides ; prove that the area of the 
**iangle 

DEO : area of ABC :: sin — ^ — sin — jr— sin — 5 — : sin il sin -B sin C. 

J 2 ia 

200. The inscribed circle of a triangle passes through the centre of the 
circumscribing circle, and also through the point of intersection of the per- 
pendiculars from the angles on the opposite sides, prove that the angles of 
^^^ triangle are 



IT IT 

8' 3+~'' 



.(V2-^-). i-cOB-(V2-,i). 



201. The tops of three mountains B, C, D are in the same plane with 

"^lie station A, D is invisible from A, but the angles of elevation of B and C 

^re observed to be d and 0, and the angle BA C to be a. From B the angles 

^BDt CBD are observed to be /3 and a respectively, and from C the angle 

^CD is found to be /3; prove that D is at a height above A equal to 

a ein p (2 cos a sin ~ sin 0) 

sin(2a+i9) ' 

'where AB=a, 
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202. In a triangle if 

y sin* o + as sin' /3 = 2 sin* /3 + y sin* 7 = as sin* 7 + 2 sin' a, 

then as :y : 2= sin 2a : sin 2^ : sin 27. 

203. In a triangle 
Bin I 'y+;r I + 8m( fl + i )+sm( a + - l + l=4cos —r^cos^^^cos^— , 



Jin (7+1) + sin ('^ + 2) "*"®"^ ("■'"2) ■*"^^'* ®^® ~ 
204. In a triangle 



3 

cannot be less than 7 . 

4 



• •* • 9P .-•97 

Bm*- + sm*|f sin*^ 



206. If a5+yco87+2cos^=cos ((T-a), 

y + 2C0S a+ajcoS7=cos((r-j3), 
2 + a cos j8 + y cos a= cos ((T - 7), 
a; y z 1 



then 

where 2(r=a+^ + y* 



sin a sin j3 sin 7 2 sin 0- 



206. If cos*a + cos*/3 + cos*7=l, 

then (sin2a+sin2j9 + sin27)* + 4{sin*(i3-7) + 8in*(a-i3) + sin«(a-7)}=8. 

207. Prove that the area of any triangle is a mean proportional between 
the areas of two triangles formed, the one by joining the points of contact 
of any one of the four circles touching the sides, and the other by joining 
the centres of the other three. 

208i A plane polygon, whose sides are o^ , a, , Aj , . . . and area A , is divided 
into triangles by joining its angular points with a point at which the sides 
subtend angles $1, 0^.„ If the centres of the circumscribing circles of these 
triangles be joined in order, the area of the polygon thus formed is 

5 1 - g (oi* cot ^1+ Oj* cot 6^ + ..). 

209. The angles subtended by one tower at the base and summit of 
another tower of height a on the same horizontal plane, are respectively a 
and /3. Prove that the height of the first tower is given by the equation 

2* cos a sin 03 * a) — oa; sin* a sin /3 + a* sin* a sin /3 = 0. 

210. Two equal circles roll on the circumference of another circle, 
the one inside and the other outside: if when they have completed the 
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same number of circuits, they have made complete revolutions 
nmnber as 7 : 1, compare the radii of the circles. 

When the exterior circle has performed half a circuit, whl 
interior one be so as to have revolved as much f 

It has performed 3J circuits. 

211. If the sides a, &, c of a triangle be increased in the ratios Z : 1, 
» : 1, n : 1, and the angle e be thereby halved and the sum of the other two 
doabled, then 

212. From the extremity B of the radius ^^ of a circle a straight line 

BO is placed in the circle =5 radius, from C another straight line is drawn 

through the middle point of ^j? to meet the circumference in F. Shew 
that triangle BFA is double the triangle JBCA, Also if FAJB=<f>, CAB =6, 
then 

cosec 0+ cot d+ 3 cot (0+ ^) =0. 

213. A rod is moved towards the eye of an observer so that its middle 
pdnt and upper extremity are always viewed in the same directions : if at 
two positions when its upper and lower halves subtend angles at the eye 
^eh are as 1 : 1, 1 : 2, the distances of its middle point from the eye are 
•^5, a : find the length of the rod. Ans, 2ay/5. 

214. At the extremity of an arc (AB) of a circle (radius r) subtending 
t& angle 0, a tangent BD is drawn in the direction of angular movement, 
^KMe length is r tan 0. It ACis the diameter through A , and DC be joined 
naking angle DCA=<f>, then if when 9 is doubled becomes <f>\ shew that 

tan0 cosSd cobO 

tan 0' "~ cos ^ + cos 2d ' cos 2^ * 

215. A trefoil consisting of three equal semicircles is inscribed symme- 
Really within another such trefoil : shew that their areas are in the same 
'fttio as the radii of the circles inscribed in the smaller and circumscribing 
^ greater trefoil. 

216. A person wishing to calculate the radius of a railway curve, mea- 
'^^^^ a distance a from one of the telegraph posts at right angles to the 
^^^^^e at that point : he then observes that the pih and qth posts from the 
^^«, from which he made his measurement, are in a straight line with him : 
^^^ distance between two consecutive posts, measured along the curve, 
^ «! ihew that the radius is formed from the equation 

B.T. ^ 
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EXAMINATION PAPERS. 

PKBVIOUS EXAMINATION. December, 1866. 

1. Wmx is the circular measure of an angle? The ratio of the eir- 
onmference of a circle to its diameter is 3*14159 ; express in degrees (to fonr 
places of decimals) the angle whose circular measure is unity. 

2. Define the sine, cosine, and cotangent of an angle. Traee the 
changes in sign and magnitude of the cosine as the angle increases from 
00 to 3600. 

3. Investigate a general expression for all angles which have a given 
tangent. 

4. Express the cosine of an angle in terms of the tangent only, and of 
the cosecant only. 

Solve the equation, 4 sec* ^ — 3 tan* ^ = 1. 

5. Shew that sin (^ + ^)=sin^ cos^+cosii eiaB, where A and B are 
two angles whose sum is less than 90®. 

Given sin 450 = ;^ , sin SO® = i , find sin 150. 

6. Shew that in every triangle any side is equal to the sum of the 
products ohtained hy multiplying each of the other sides into the cosine of 
the angle hetween it and the first side. 

Apnl, 1867. 

1. Descbibe the different ways of measuring angles. 

Write down to five places of decimals the ratio which the circomfereiice 
of a circle hears to its diameter. 

2. An arc of a circle whose radius is 7 inches, suhtends an angle of 
150. 39'. 7'': what angle will an arc of the same length suhtend in a circle 
whose radius is 2 inches ? 

8. There is an angle whose tangent is twice its sine : find the length of 
the arc subtending it in terms of the radius. 

4. Prove the formula 

cos (il - ^ = cos ^ cos 5 + sin ^ sin A 

5. Shew that the difference of cosines of any two angles is equal to 
twice the product of the sine of half the sum of tiie angles, and the sine oC 
half the difference. < 2. 

6. If ABC be a triangle, prove that 

cos'-4+cos'^ + cos*C7+2cosJ cos^oosCsl. 

7. Solve the equation 

2Bin>3^ + Bin*6^=s2. 
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8. The town C is halfway between the towns 2> and F: and the towns 
Ct E m3i F are equidistant from each other. Compare the distance of D 
from ^ with its distance from E. 

December^ 1868. 

t BsninB an angle. How are angles measured? Compare the measures 

of toyan^es referred to the three usual unit angles. What is the circnlar 

BMunie of an English minute ? 
4 

Express ■= of two right angles in each of the French and circular systems. 
5 

If the Ttnit of measurement be 5*, what is the measure of 22)^ ? 

% Define the tangent of an angle ; draw the figure of an angle whose 
tangent is 2. What is the cosecant of this angle ? Can more than one such 
an^e be drawn ? If the tangent be negative, what inference may be drawn 
tt to the magnitude of the angle ? 

3. What is a supplement? What are the supplements of 25^? of 205^? 
of - -7- ? State and prove the relations subsisting between the secants of 

i, (90»+ii), andof ^, |-^. 

4 Prove Geometrically that 

cos 24*=cos 600 cos 36* + sin 60« sin 36®. 

Given cos 3ffl= ^ , cos 60® =x ; find cos 24® to three places of decimals. 

4 A 

6. Establish the following formulas : 

(1) seo^a!-tan'x=l. 

(2) cos Ax — cos' 2aj - sin* 2x. 

(3) Bin2y+sin2z=2sin(y+z)cos(y-2). 

6. Obtain an expression for the area of a triangle. 

What is the area of a triangle whose base is 4ft., and altitude 1\ yds.? 
What of a triangle whose sides are 5, 6, 5 inches respectively ? 

7. A target is 6 feet in height and 4 feet in breadth; find the tangents 
of the angles which its 4 edges subtend at a point 100 yards straight in front 
of its top left-hand comer. 

March, 1869. 

1. An angle referred to different units has measures in the ratio 8 to 5, 
one unit is 2®, what is the other? Express each unit in terms of the other. 

2. Trace the changes in sign of cos^ as ^ changes from 45® to 315®. 
niostiate by a figure. 

8. Shew that sin^ is numerically greatest when cosii is numerically 
leut, and vice versd. When is cos^ii - ?m^A greatest ? — and when least ? 

4. What relation have the cosine^ oosecant, and cotangent of an angle 
to the sine, secant, tangent respectively? 
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Find the difference between the supplement of the complement of 
angle, and the complement of its supplement. 

5. Prove that tan 45<>=1, and tanCOOsV^. Hence find tan 15^ 
8 places of decimals. 

6. Prove that 

(1) sec' a + cosec'a = sec* a cosec* a. 

4 cos 2a 




sina2a 

7. In any triangle obtain an expression for the cosine of each angl^^ -*^ 
in terms of the sides, e. g. let the sides be 5, 7, 8. Find also the radios ofl 
the circle which circumscribes this triangle. 

8. From G the centre of gravity of an equilateral triangle GB is drawn 
at right angles to the plane of the triangle and equal to a side ; determine 
the angle between the lines joining B to any two comers of the triangle. 

December, 1871. 

1. What are the three different methods employed in measuring angles,^, 
and what are their respective units ? 

Find an expression for an angle of a regular hexagon referred to an angles 
of a regular pentagon as unit. 

2. Define sin il, cot il, sec^ : and express any two in terms of the third* 
If tan ii = -75 , find the value of sin A. 

8. Find an expression for cos (ii - ^) in terms of the sines and cosiner 
of A and B, when A and B are each less than 90^, and A greater than B, 

Shew that the sum of the cosines of two angles is equal to twice th 
cosine of half the sum of the angles multiplied by the cosine of half thi 
difference. 

4. Find the value of sin 80^ and of cos 45^. 

5. Prove the formulsB : 

tan A + tan B 




(1) tarL(A + B) = 



1-tan^ tanB 



(2) 2sin- = dL/^l + sinil:t«/l~sinl. 

Given sin 30°, find sin 15^ 

6. Find a general expression for all angles that have a given cosine. 
If sin 9+ cos ^=V2, find the value of 0, 

7. In &ny triangle, shew that the sides are proportional to the sines 
the opposite angles. 

Hence deduce an expression for the cosine of an angle of a triangle 
terms of the sides. 

"* The sides of a triangle are 3 in., 5 in., 7 in. Find the greatest angL- 
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S. JOHN'S COLIiEGE. May, 1868. 

1. Dbune the Trigonometrical Batios. Shew that 

sec'ui=l + tan'ui. 

Find the least value of a^ aec^x+b'^ Goa^Xt where a and b are constant 
^nantitieB. 

2. Xnvestigate an expression for all the angles which have a given cosine, 
^'lite down the general value of x which satisfies the equation 

Bin8a;=sin*a. 
8. Shew that 

sin(^ + J5)=sinuicos^+cos^ sin J5, 

•nd cos(^-f-B)=cos^ cosJ5-sin-4 sin-B. 

JiA+B-\-0= 1800, shew that 

8in*ii sin 2A + sin^^ sin 2B + sin^C sin 20- sin 2 A sin^B - sin 25 sin^ii 

= sin 2 A sin 2B sin 20, 

4. 110 he the circular measure of a positive angle less than a right angle 
^ is greater than sinO and less than tanO. 

Find the limit when is indefinitely diminished 

. sina^ J versa^ 
sm6^' , vers 6^ 

7. Investigate an expression for the area of a triangle in terms of the 
•icUs. 

The sides a, &, c of a triangle are in arithmetical progression : shew that 
^be area is to that of an equilateral triangle having the same perimeter as 



v 



^_4(a-6)> 



18 to unity. 

8. Shew that in any triangle, 

1 A 

o sin 5 (5 - C) = (6 - c) cos ;r , 

1 A 

a COB ^{B ~ 0) = (h+c) Bin. ^ . 

If 6 = 14, c=s 11, ii = 60®, find JB and C, having given 
log 2, log 3, and log tan ll^. 44'. 29". 6. 
9. Explain the notation used for inverse trigonometrical functions, 
^ind the value of cos 4 (tan-^a) in terms of a. 
Solve the equation 

tan~* x + rr seo""^ 5x= ^ . 
z 4 
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May, 1869. 

1. Explain what is meant by the circular measure of an angle. Why 
is it necessary to shew that the angle subtended at the eentre <^ a drole 
by an arc equal to the radius is an invariable angle? Shew how to connect 
the circular measure of an angle with the measure of the same angle in 
degrees. 

The difference of two angles is 1^; the circular measure of their sum is 1: 
find the angles. 

2. Define the Trigonometrical Ratios. Shew that 8in'^+eo8'^=l. 
Find the yalue of 6 from the equation 

Bin2^-2cosd+:7=0. 
4 

Investigate the conditions which must hold in order that the equation 

sin*d + 6sind + c=0 

may have two admissible roots, or may have one. 

8. Investigate the expressions for Bin(ii+^) and cos {A-^B)hi terms 
of the sines and cosines of A and B. 

Solve the following equations : 

(1) sin3^=8sm«^. 

(2) sin6^=16Bin6d. 

4. Find the sine and cosine of an^angle of 18^ 

IT 

2 

3 

■4' 



Find the values of between and ^ which satisfy the equation 

sin«^+cos«2^=' 



(- 



5. Define a logarithm. Explain the advantage of the common systenk. 
of logarithms. 

Find approximately the value of x from the equation 

having given log 3 ='4771213. 

7. Express the cosine of an angle of a triangle in terms of the sides. 

A person on the slope of a hill observes the angles of elevation a and /9^ 
of two objects on the hill ; and also the angle y which they subtend at hiib- 
position : if ^ be the inclination of the hill to the horizon, shew that 
sin' sin'7= sin'a + sin'/3 - 2 sin a sin ^ cos -y. 

8. Shew how to solve a triangle, having given two sides and the indudecU 
angle. 

If a=210, h=110, (7=340. 4q\ SO"', find the other angles, having given 

log 2= -3010300, 
Zcot 17^ 21'. 15"= 10-5051500. 

9 Find the area of a circle, and of a sector of a circle. 
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CAMBRIDGE LOCAL EXAMINATIONS. 
JUNIOR STUDENTS, 1880. 

1* Thb sine of an angle is ^; find its secant and tangent. 

Bnw figures to represent the four least positive angles, of whidi the cosine 
IB doQble the sine. 

2. Prove that tanii = cot (90® -il). 

Szpress sin 2300®, tan 800® in terms of trigonometrical ratios of angles less 

3. Prove geometrically or otherwise that 

(i) Bm{A+B) + sm{A-JB) = 2BmAcoBB. 

i'-\ J, fn, T%\ tanC + tanD 
<"' *"^(^+-^) = l-tanetani) ' 

(iii) sin 2E= 2 sin j& cos E. 

4. Prove 

(i) (1-2 cos' A) (tan A + cotA) = (sin ii - cos -4 ) (sec A + cosec -4). 
(ii) sin 8^ = sin ii (2 cos 2Jl - 1) tan (60® + ^) tan (60® - A). 

5. Solve the equation tan 5^= tan 6, 

6. Explain the use of logarithms in facilitating the processes of multiplica- 
tion and division. 

Find the following logarithms : logs 1024, logi 125, log^ 4 ; and the 

'Aaracteristics of the following: log3 250, logi 87, logio'OOi. 

7. Prove that in any triangle of which A^ B, C are the angles, and a, h, c 
tbe sides, 

c= a cos ^ + & cos il. 

Express the distance of the middle point of a side of a triangle from the 
Perpendicular upon that side from the opposite angle in terms of the sides of 
the triangle. 

8. Find the number of cubic inches of metal in a hollow right circular 
^Q pipe, height 10 ft. 4 in., outer radius 9 in. and thickness l|in.: obtain 
year result accurate to a cubic inch, assuming ir = 3*1416. 

JUNIOR STUDENTS, 1882. 

1. A OEBTAIN small angle was found by a Frenchman to measure 27*2 
^Wch seconds: an Englishman found it to measure 8*82 English seconds. 
^ the two measures agree t If not, find their difference in English seconds to 
^^ decimal places. 
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2. State carefully what you mean by the sloe and the cosine of an obtuse 
angle. 

Write down the values of sin 900, sin2700, cos ISO®, cos3600, tan 450*. 

3. What is the hcue of a system of logarithms ? Prove that log ( !^x) = - log z. 

Find the seventh root of '004, having given that 

log 2 = -30103 and log 45439 = 4-65743. 

4. Prove the following identities : 

(i) sin3^ + sin2j5=l-cos(^-J5)cos(^+B); 
(ii) cos ^ + cos (1200-^) + cos (120® + ^)=0. 

5. In any triangle the tangent of half the dilTerence of two angles is to the 
tangent of half their sum as the difference of the sides respectively opposite to 
the angles is to the sum of these sides. Prove this. 

Find the angles B and G in the triangle ABC horn these data: 

^ = 60», 6=17, c=7, log2 = -30103, log3 = -47712, 

L tan 350 49' = 9-85833, L tan 85« 49' 10" = 9-85838. 

6. A lighthouse facing N. sends out a fan-shaped beam extending from 
N.E. to N.W. A steamer sailing due W. first sees the light when 5 miles 
away from the lighthouse and continues to see it for 30^/2 minutes. What is 
the speed of the steamer? 

7. Find the area of the entire surface of a right cone whose height is 4 feet 
and diameter of base also 4 feet. Give the answer in square feet correct to two 
places of decimals. 



SENIOR STUDENTS, 1880. 

1. Definb the unit of circular measure. 

A line turning about a point makes three revolutions and a sixth, what are 
the measures of the angle it has turned through in circular measure and in 
degrees? 

2. Define the sine and cosine of an angle. 

Prove that sin^^ + cos^^ = 1, and that sin (90®-^)= cos ^, and hence 
deduce the value of sin 45^. 

3. Prove that 

(1) cos(^ + £)=coSilcosB-sinilsinjB, 

(2) 4 cos (il + J? + 45') cos (A+B- 450) cos [A - B) 

=coa {A -V 3B) + ooi (SA +B). 
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4. Solve the equation 

2sm2^ + 8in2^+co8 2^=0. 

5. Express the sine of half an angle in terms of the sine of the angle, and 
tHence find the value of sin 67<>. 30'. 

6. Investigate formulae for solving a triangle when two sides and the 
Uicluded angle are given. 

Ex. Having given A = W,h = U ft., c = 11 ft., 

log 4-32 = -6354837, L tan IV, 44' =9-3174299, 

Xtan IP. 45'= 9-3180640, 
solve the triangle. 

7. Find the radius of the circle circumscribing a given triangle. 

Erom the angular points of a triangle ABC perpendiculars are drawn to the 
^PpMsite sides meeting them in 2), E, F. Find the sides and angles of the 
t^'i^ngle DEFf and thence the radius of the circle circumscribing it. 



SENIOR STUDENTS, 1881. 

1. Establish a method for finding the number of degrees in an angle 
'^^ose circular measure is given. 

If the sum of the numbers expressing the measures of an angle in degrees 
d in circular measure be 90, determine the angle. 

2. Prove that sec^ -4 = 1 + tanM , and that 

sin(900 + ^)=cosii. 

If tan -4 = r » find the value of cos A and of tan (45® + A), 

3. Prove that 

(1) cos il + cos B = 2 COS — ^ - cos —X— , 

J 2 

(2) COS {A - 2B) 'Cob{A-B) + cos A - cos (A+B)+ cos {A + 2B) 
=co8 A -°-|? =4 cos A (cos B - cos 36<>) (cos J5 + cos 720). 

cos Q'^ 

4. Solve the equation 

cos 2^ + 2 sin^ 2^=1. 

5. Shew how to find oobA in terms of sin 2A. 
Hence find the values of cos 15®, cos 75®, cos 195®, eo8 255®. 
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6. Prove that in any triangle 

tan^ = ^/5HMO. 

The sides of a triangle are 4, 5, 6 feet respectively} determine the least 

angle, having given 

log 7 =-845098 

Z tan 200. 42' =9-577341 

Xtan20«.43'=9-577723. 

SENIOR STUDENTS, 1882. 

1. Define the unit of circular measure, and explain what is meant by the 
circular measure of an angle. Assuming that «■= 3*1416, find the number of 
degrees in this unit. 

2. Define the trigonometrical ratios of an angle. Compare them with the 
corresponding ratios of its supplement. 

If cos A = —7 z , find sin A and tan A, 

8. Prove that 

(i) cos {A -3)^008 A cos B + bidA sin B, 

(ii) (sin 2A - sin 2B) tan (^ + J5) = 2 (sin« ii - sin' B). 

4. Find an expression for all the angles which have a given tangent. 
Find all the values of which satisfy the equation : 

(I~tan^)(l + sin2d) = l + tan9. 

5. In any triangle the sides are proportional to the sines of the opposite 
angles. 

If points J),E,Fhe taken in the sides of a triangle ABC so that 

BD _GE AF p 
BC" CA~ AB~q* 
prove that 

cot DA 0+ cot EBA + cot FCB _q+p 

cot^+cot£+cot(7 ""^--?* 

6. Prove that in any triangle 

If o=27, 6=23, C=400.30'; find ^ and B having given 

Z cot 220. 16'== 10-3881591, Z tan IP. 8' = 9-2906713, 
log 2 = -8010300, L tan 11^. 4' » 9-2913424. 
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ENTRANCE EXAMINATION, SANDHURST. 1881. 

1. What is meant by the unit of circular measure ? 

I*rove the formula 0=—., — , 

radius 

Find the length of that part of a circular railway-curve which subtends 
angle of 22^0 to a radius of a mile. (ir= 3*1416. ) 

2. Prove from a figure that 

cos (A - B) = co% A cos B+^AsmB, 
'^ben A Ues between 3150 and 360®, and ii - B between 180® and 2250. 

8. Prove that 

2sin— =±^l + 8ini4±/^l— sin-4. 

Shew, a ^priori, the reason of the four different values of sin ^ found 
^om gin A. 

4 Prove that 

(1) sec*^ + tan*d = l + 2sec»^tan2^. 

<2) '"^ \— 26-j =JcoBi-^. 
(3) tan 1\ 30'= (cot 30® - cosec 450) (sec 460 - 1). 
5. Shew that in any triangle ABC 

(6 + c)coB-4 -f(c+a)cosB + (a + 6)cosC=a + 6 + c, 

^ud if r, By r„ r^, r, are the radii of the circles inscribed in, circumscribed 
<tboat, and escribed to the triangle ABC^ 



1 1 4JJ 

+ 



a • 



r^-r n + r, a 

6. The three sides BC^ CA, AB of a triangle are as 4 : 5 : 6. Ilnd the 
nugleB, 

log 2 =-3010300, 

L cos 270. 53' = 9-9464040, L cos 270. 64' = 9-9463371. 

7. The angular elevation of a steeple at a place due south of it is 45^, 
and at another place due west of the former station the elevation is 15^ : shew 

that the height of the steeple is n (3^-S'^)« a being the distance between 
the places. 
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ENTRANCE EXAMINATION, SANDHURST. 1882. 

1. DiSTmouiSH between the circular measure of an angle, and its measure 
in degrees ; and prove that to turn circular measure into seconds we must 
multiply by 206265, and to turn seconds into circular measure we must 
multiply by -000004848. 

2. Compare the Trigonometrical Ratios of any angle and its supplement : 
and determine the Trigonometrical Ratios of 495®. 

Find all the angles between 0® and 500® which satisfy the equation 

sin* ^=7. 
4 

8. Find geometrically an expression for the cosine of the difference of 
two angles in terms of the trigonometrical ratios of those angles. 

Find all the values of x, which satisfy the equation 

cos X cos 3x = cos 2x cos 6x. 
Solve the equation 

tan""i ■= + tan""^ 7 + tan"^ ■= + tan'^as = 7 . 
o 4 o 4 

4. If r, r^j rg, r, be the radii of the inscribed and escribed circles of 
a triangle, and x, y, z the perpendiculars from the angles on the opposite 
sides, prove 

5. In a triangle, prove that 

tan(^2+^j=c-^**^2' 
and if 8c=76, and ^4 = 6®. 37'. 24", find the other angles. 

Given log 2 = -30103, L tan 3®. 18'. 42" = 8 '7624069, 

Z tan 80. 13'. 50" = 9-1603083, diff. for 10" = 1486. 

6. In a plane triangle, prove that 

1. tanii tan£tanC=tanil+tanB + tan(7, 

2. asin^ + 5sinB + csinC7=2(aco8ii+/9cosJB+7COS Cj, 

where a, h, c are the sides, and a, /3, 7 the perpendiculars let fall on them from 
6be opposite angles respectively. 
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7- ^^ye that the area of a triaogle 

Q TO 

4 4 

and II -^^, f are the radii of the curcumscribing and inscribed circles 

Tt — ^^ 
^'^''^(a + b + c)' 

®- Given log 1}= -0791812, and log 2| = -3802112, find the value of 

the itx^ntisssB for 46929 and 46930 being 6714413 and 6714506. 

^ ^* A measured line is drawn from a point on a horizontal plane in a 
""^^^ion at right angles to the line joining that point to the base of a tower 
'^'i^^lsg on the plane. The angles of elevation of the tower from the two ends 
^ tliQ measured line are 30^ and 18^. Find the height of the tower in terms of 
• vae length of the measured line. 



ENTRANCE EXAMINATION, WOOLWICH. June, 1882. 

X. Pbove that the angle subtended at the centre of a circle by an arc 
H^cd in length to its radius is an invariable angle. 

One angle of a triangle is 45^, and the circular measure of another is ^. 
^^^ the third, both in degrees and in circular measure. 

2. Define the secant of an angle, and shew how your definition applies 
^ angles between 180® and 270^. 

If sec il = - 2, what two values between 0^ and 360^ may A have ? 

S. Obtain a formula embracing all the angles which have a given 
gent. 

Determine all the values of 6 which satisfy the equation : 

^3 tan2 ^ + 1 = (1 + V3) tan ^. 

4. Find an expression for tan 3^ in terms of tan A. Shew also that 
tan SA tan 2A tan ^ =tan ^A - tan 2A - tan A, 

5. Prove that 

8inl80 = ^^^; 
4 

iQd that 8in3 300 = sin 180 sin 54^. 

Shew that in any circle the chord of an arc of 108® is equal to the sum 
of the chords of arcs of 860 ^nd 60<>. 
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6. Demonstrate tbe identities 

.-. (cosec-4+8ecil)*_^ . ^ 
^ ' cosec* ^ + sec'^ "" * 

(2) sin 3il = 4 sin il sin (60 + il) sin (60 - A), 

(3) 4 (cot-i 3 + cosec-i JS) = ir. 

7. What are the advantages gained by the use of logarithms calculated 
to the base 10? 

If logio 2= -30103, find the logarithms o^ ^) fos ' ^ V'OOS to the base 10. 

8. Prove that in any triangle 

(1) 26coos^ = 62 + ca_a«. 

,„. l+cos(ii-B)co8(7 _ ag + 6» 

^ ^ l+cos (^-C) cos 5"" a2+c«' 

9. If Ti be the radius of a circle touching the side a of a triangle, and 
the other two sides produced, shew that 

A B C 

fj cos 2 = a cos "s- cos -^ . 

If a be the side of a regular polygon of n sides, and i2, r the radii 
respectively of its circumscribed and inscribed circles, prove that 

10. Two sides of a triangle, which are respectively 250 and 200 yards 
long, contain an angle of B^^, 36'. 24". 

Find the two other angles, having given 

L cot 270. 18'= 10-2872338, diff. for r=3100, 

L tan 120. 3'. 50" = 9-3329292 : log 3 = -4771213. 

11. The eye of a soldier in a straight trench of uniform depth is 2 feet' 
above a level plain on which he sees two men standing in the same straight' 
line as the trench; the parts of their bodies above the level of his eye sub* 
tending at it the angles tan'^ -00416, and tan'^ -004. On walking 200 feet^ 
towards them in the trench, he notices that the height of one exactly hides 
that of the other ; and on approaching 596 feet 8 inches closer still be finds 
that the portion of the height of the nearer above the level of his eye subtends 
at it 45^. Find the heights of the men. 

PKEVIOUS EXAMINATION. June, 1880. 

1. Distinguish between Euclid's definition of an angle and the trigono- 
metrical definition. 

What angle does the minute-hand of a clock describe between half-past toxxr 
and a quarter past six f 
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^* I>efine the cosine of an angle, and trace the change in the value of the 
s« the angle increases from 180<) to 360^. 

^* Express the sine and the cosine of an angle in terms of the tangent. 
''^e angle A is greater than 180<> but less than 2700, and tan ^=i: find 

'*- Tind cos 300 and cot 1B5\ 

o. Prove geometrically cos (-4 -B)=coSii cosB + sin^ sin-B, A and B 
^"^S "both positive angles less than W. 
Blie^ that 

(1) tan(il-B)=i-^-— ^--^, 

(2) Bin 2^=,^^^. 
^ ' l + cot-'^ 

6. Shew that if ^ + B + C = 900, 

sin2^ + sin2B + 6in2C=4cosilcosBcos 0. 

7. Find an expression for all the values of d for which sin ^ + sin 2^=0. 

B. Express the cosine of an angle of a triangle in terms of the sides. 
If in a triangle &cos^ = acosB, shew that the triangle is isosceles. 

9. If two sides of a triangle be given, and the angle opposite to one of 
^etu ; shew how to find the other side and the other angles. 

£x. The sides are 1 foot and >J2 feet respectively, and the angle opposite 
*^ the shorter side is 30®. 

PKEVIOUS EXAMINATION. June, 1882. 

1. Define the unit of circular measure. Galling this angle the radian, 
Bnd how many radians there are in a right angle. 

If the circumference of a circle be divided into five parts in arithmetical 
progression, the greatest part being six times the least, express in radians the 
imgle each subtends at the centre. 

2. Define the sine of an angle, wording your definition so as to include 
angles of any magnitude. 

Prove that sin (90 + -4 ) = cos A, 

•nd cos(90+^)= -sinii, 

and by means of these deduce the formulae 

Bin(180+2()=-8inii, cos(180+i()» -C082(. 
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8. Prove the formulsB 

(1) cot* A = cosec* ^ - 1, 

(2) cot* A + cot* A = cosec* A - cosec' A, 
Verify (2) when ^ = 300. 

4. Shew that all angles satisfying the equation cos 9=: cos a are includi 
iu the formula = 2mr =k a. 

Solve completely the equation 2 cos^ d + sin' 5-^1=0. 

5. Prove that sin (il + -5) = sin ^ cos B + cos il sin B, 
and deduce the expression for cos {A+B), 

Shew that sin A cos (B + C)-ainB cos (A+C) = sin {A - B) cos C 

6. Prove that 

cos ^ + sin -5 = d= /^y 1 + sin il , 

A . A , /= : — J- 

cos ^-sm ^= ±,Jl~smAf 

and determine the signs of the ambiguities when A lies between 450^ and 630^ 

7. Establish the identities 

(1) l + cos^ + 8in^=,/2(l+cos2l)(l+sin 

cosec' A 



(2) cosec2il = 



2\/cosec*<4 — 1 



... . 2ir . . 4t . 6t . . it . Sir . 6t 
(3) sm-=- + 8m -=--sin-=-=4sm= sm-=- sm-=-» 
7 7 7 111 

8. Shew that in any triangle (with the usual notation) 

a2=62+c2-26cco8il. 

If a=7t 5=8, c=9, shew that the length of the line joining the angnlar 
point B to the middle point of the opposite side is 7. 

9. Solve completely the triangle whose sides are given in the preceding 
question, given log 2, log 6, 

Ztan240. 6'=9-6502809, tabular difference for 6(y'=-0003390, 

Ztan360.4r =9-8721123, tabular difference for 60"=-0002637. 

MATHEMATICAL TRIPOS. January 3, 1876. 

1. Define the cotangent and the cosecant of an angle, and trace the 
changes in the values of these functions as the angle increases from two to four 
right angles. 

What values of B satisfy the equation 

cosec 4tt - cosec 46 = cot 4a - cot 4^ % 
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2. Prove the formula 
(1) coa(A+B)=sco9AcoBB'^BmABmB, 

(2) C08^-C08ii = 28m — jr— 81Q — 5 — • 

Prove that if ^ +B + C= 180^ and if 

(27i+l)ilsin(B-C) + 8in(2n+l)B8in(C7-il) + 8m(2n+l)C8in{4-B)=0, 

Vseing an integer, then 

8in(n-l)^8m(n+l)(B-(7)+8in(n-l)B8in(w+l)(C-^) 

+ 8in (»- 1) C78in(»+1) (4 -B)=0. 

3. Shew how to expre88 the tangent of half an angle of a triangle in term8 
the 8ide8. 

The 8ide8 are ob8erved to he a=5, 5 = 4, c = 6, but it is known that there 
a small error in the measurement of c : examine which angle can be determined 
th the greatest accuracy. 

4. Shew how to find the height of a mountain by means of observations 
^^Utde at two given places in a horizontal plane. 

On a plane which is inclined to the horizon at an angle of 45^ is described a 
^^rcle of known radius, and a post is placed at the highest point of the circle 
perpendicular to the plane ; at one end of the horizontal diameter of th6 circle 

tlie tangent of the angular elevation of the post is ^2. Find the length of the 
post. 

6. If 0, Oi, Oj, O3 be the centres of the inscribed and escribed circles of a 
triangle, and r, r^, rj, r, the radii of those circles, and R the radius of the 
circgmmoribing circle ; shew that 

4J2 i: ^1 

. A , B , G" . A B C 
sin ^ sm "5 sm -Q ^m ^ cos ^ cos -5 

and that the areas of the triangles O1O3O3, Ofi^O, O^OOit OOfi^ are to one 
another inversely as r, r^, rj, rj. 

6. From a point P perpendiculars PX, PM, PN are drawn to the sides of 
« triaogle ABO : shew that twice the area of the triangle LMN is equal to 

(i2a-d«)sin^sinB8mC, 

vbere R is the radius of the circle circumacribing the triangle ABO, and d the 
diitanoe of its centre from P. 



B. T. M 
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MATHEMATICAL TRIPOS. 1869. 

1. Pboye the formula : 

(1) tsLD.A =tan (n. 180®+^), whenn is a positive or negative integez. 

(2) sin(^-5)=sin^oos5-siii^cos^ where 180^ A, W, B, 
0® are in descending order of magnitude. 

(3) 2 sin - = Vl + sin-4 +\/l-sinT, where A is greater than 90« 

and less than 270<^. 

2. lip, y be two different values of $ which satisfy the equation 

-cos^+Tsm^=-, • 

a c 

then will ocos^--=6sin^^-^=ccos^^--^. 

<a A ^ 

Having given 

a' cos a oos^+a (sin a + sin/3) + 1=0, 

a* cos a cos 7+ a (sin a + sin 7) +1=0, 

prove that a' cos j3 cos 7+a (sin/3+sin 7) + 1=0, 

and that coso+cosj8+coS7=cos(a+/3+7), 

j3, 7 being unequal and less than v, 

3. Investigate the expression for one side of a triangle in terms of the 
other sides and the angle included by them, and put it into a form proper 
for logarithmic computation. 

Equilateral triangles DBC, D'BG are described on the side BC of a 
triangle ^5(7; prove that ^i>^+ili>^=a*+6*+c2, and express cosD^iXin 
terms of the sides a, &, c. Hence shew that if equilateral triangles be in like 
manner constructed on the other two sides, and the angles DAlXf EBE\ 
FQP' be denoted by o, j8, 7, 

cos a+ cos /3+ COS7=0= cos 2a+cos 2^+ cos 27. 

4. \i A^ B, G be angles of a triangle, and a;, y, z any real quantities 
satisfying the equation 

y sin C-z^vaB __ zsin^-gsin C 
x-ycoBC-zQosB" y-zoosA-xcosC* 

then will -; — T=-^^-n=-^^' 

Bin A sm B sin O 

5. Given one side of a triangle and its angles, determine its area and 
the radii of the four circles which can be described touching the sides. 

If a, hi c, d be the sides of a convex quadrilateral in which b cirde can be 
inscribed, its area will be ijctbcd sin w, 2<a being the sum of two opposite 
angles. 

6. A gun is fired from a fort A and the intervals between seeing the 
flash and hearing the report at two stations B, C Bxe t,if respectively ; I> is 
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a point in the same straight line with BC at a known distance a from A : 
prove that if BD=ht and OD=c, the velocity of somid is 

i (&-c)(a«--bc) (^ 

Examine the case where a^=&c. 

MATHEMATICAL TEIPOS. 1870. 

1. Define a logarithm. Shew that in the common system of logarithms 
the integral part of any logarithm need not be tabulated. If a table of 
logarithms be calculated to any base, prove that they may be transformed 
to any other base by multiplication by a constant factor. 

If 0, &, c be in Geometrical Progression, and log^a, logjc, log^J in Arith- 

metical Progression, the common difference of this progression is ^ . 

2. Assuming that the formulas 

(1) sin (^ + ^)= sin 4 cos 5 + cos 4 sin ^, 

(2) cos (4 + -B )= cos -4 cos ^- sin -4 sin ^, 

^f e true for angles less than a right angle, shew that they are also true for 
positive angles of any magnitude. 

Prove the f ormulsB : 

(1) cos 2A=2 GOB^A -1 = 1-2 sin«^, 

(2) cosM + sinU cos 2B = cos^^ + sin^^ cos 2A , 

(3) sin^^ - cos^^ cos 2 5 = sin^^ - cos"^ cos 2A, 

3. JiA+B+0h6& multiple of ISO®, then will 

cot B cot C + cot C cot -4 + cot A cot B= 1. 

If il + 5 + C= (2m + 1) T or 2mir + ^ , then will 

(sin -4 + cos il) (sin B + cos B) (sin 0+ cos O) 
=2 sin J sin ^ sin C+2 cos A cos B cos €+ 1, 

l)ut if A +B+C=2rmr or 2mir- -^ , then will 

(sin A + cos A) (sin B + cos B) (sin C+ cos C) 
=2 sin -4 sin ^ sin C + 2 cos 4 cos -B cos (7-1. 

4. Shew how to solve a triangle in which are given the sides a, b and 
the angle A : and determine in what cases there are two solutions, one, or 
none. 

If there be two triangles having the given parts, and if c^ c, be their 
third sides, the distance between the centres of their circumscribing circles 

2 em A' 

6, If a, h, e be the sides of a t riangle, and 2f aa+&+e, then the area of 
the triangles >J$ (« -o) (« - 6) (« - i). 
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If S^y <9,, S^, S^ be the areas of the four triangles whose sides are 3, e, d; 
e,d, a; d, a, 6 ; a, b, c respectiyely, prove that 

6. Find the radius of the circle which touches one side of a triangle and 
the other two produced. 

If r, / be the radii of two circles, and if P, P' be the perimeters, A, A' 
the areas of the triangles whose sides touch them, prove that 

(1) PP'{r'-r')-rP'*=4f^r\ 

(2) A^r-r^^-A'^r+r')^=4t^f^, 
Vy P, A, being greater respectively than r', P', A\ 

MATHEMATICAL TRIPOS. 1871. 

1. Define a logarithm, and prove, if a, &, iV be any three numbers, 

log«6 logja=l, and logaN=-^— , 

logja 

prove also that 

loggloggN loSb'^ogbN _ logalogab ^ logftlog^g 

/s/iog^ /s/log^a N/loga& \/logja 

2. Find a general expression representing all the angles which have a 
given sine. 

If sin(^ + a)=sin(0+a) = sinft 

and asin(5 + 0)+6sin(5-0)=c, 

prove that, either 

asin (2a:t2j3)=~c, or a8in2adb6sin2j3=c. 

3. Prove the formula 

sin(il--B)= sin^cos^-cosilBin^, 
where A is greater than B, and each of them less than 90^. Also assuming 
this formula, prove 

sin (ii + ^) =sin il cos ^+ cos il sin B, 

If V2 cos ^ = cos ^ + cos'5, 

and y/2 sin -4 = sin ^ - sin'^, 

prove that =tsin(^-il)=cos2^=g. 

If 4 cos {x - y) cos (y -z) cos {z-x) = 1, 

prove that 
l + 12coB2(fl5-y)cos2(y-2:)cos2(z-x)=4cos3(x--y)cos3(y-z)cos3(2-a!). 

4. Investigate a formula connecting any angle of a triangle with the 
sides of the triangle. 

is any point in the interior of an equilateral triangle ABC, prove that 
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^o Find the radius of the oirde which is described about a given triangle. 
X< ^ be the centre of gravity of a triangle, and R^, E^ JR^he the radii of 
the oirdes circumscribing BOO, COA, AQB respectively : prove that 

9. Find the lengths of the diagonals of a quadrilateral inscribed in a 
circle in terms of its sides. 

Xf A BCD be the quadrilateral, A its area, and if CG' be a chord parallel 
to JBD, find the length of CC in terms of the sides, and prove that the 
la-dixis of the circle is 

ACAC.BD 

4A 

Note, The centre of gravity of a triangle is the intersection of the lines 
drawn from the angles to bisect the opposite sides. 



The following tables comprise all the natural sines, &q, and logarithms 

required for the solution of the examples in this book ; but the student is 

recommended where practicable to use complete tables, as he will thus become 

more familiar with their use. He will however only be able to arrive at an 

approrimate solution, without the use of proportional parts. In many of 

the earlier examples the natural sines, &c. have only been employed to four 

deoimal places. The student must remember that when he wants to find 

* cosine, he must look for the sine of the complement, and similarly for the 

cotangents and cosecants. 

TABLE I. 
Natural Sines, &c. 



Sines. 



Sines. 



60. 68' 


•1039499 


670. 23' 


•9230984 


1^, 46' 


•1351392 


680. 13/ 


•9285933 


110. 32' 


•1999380 


730. 32' 


•9589848 


120 


•2079117 






160.26' 


•2828995 


Tang 


;ents. 


190. 28' 


•3332584 


100. 40' 


•1883496 


210. 47/ 


•3710977 


260 


•4877326 


250 


•4226183 


260. 34' 


•5000352 


320 


•5299193 


330. 41' 


•6664969 


320. 53' 


•5429302 


370 


•7535641 


340. 24' 


•6649670 


600.46' 


1-2246658 


360. 63' 


•6001876 


620. 50' 


1-3190441 


380. 13/ 


•6186370 


610 


1-8040478 


390 


•6293204 


670. 23' 


2^4003774 


400. 39' 


•6514366 


04 


■ 


430. 26' 


•6875101 


Seca 


,nts. 


460. 35' 


•7142691 


260 


1^1126019 


480. 24' 


•7477981 


620.60' 


1^6662676 


61» 


•7771460 


660. 48' 


2-6384463 


61». y 


•8760426 


680. 12' 


2^6927480 


66» 


•9063078 


730.46' 


3-6786108 
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TABLE n. 

LOGABITHMS OF NUMBXBS. 



Nnmbers. 


LogarithmR. 


Numbers. 


LoganthmB 


1-068186 


•0286466 


2^41 


•3820170 


1-1 


•0413927 


3 


•4771213 


1-148716 


•0683182 


3^09017 


•4899824 


1-22239 


•0872111 


3-652281 


•5626642 


1-3 


•1139434 


8-727693 


•6714286 


1-39009 


•1430448 


4^013116 


•6034817 


1-4458 


•1601082 


4-03826 


•6061942 


1-690643 


•2015726 


4-23666 


•6270227 


1-62336 


•2104122 


4-261787 


•6285714 


1-69408 


•2289338 


4-45813 


•6491526 


2 


•3010300 


7 


-8450980 


2-07 


•3169703 


7-39148 


-8687314 


2-3 


•8617278 


7-90672 


-8979966 



TABLE m. 
Tabulab Looabithms of thb Tbioonometbioal Batios. 



Sines. 

60. 22'. 46" 
170. 11'. 12"-11 
180 

230. 42'. 43" 
290. 6'. 21"-62 
410. 8'. 54'/.6 
410. 42'. 43" 
480. 61'. 6"^94 
630. 27'. 20" 
620. g/. 5X'/ 
640. 26'. 49'^ 
720 



Logarithms. 

9-0467574 
9-4705639 
9-489^824 
9-6043801 
9-6867903 
9-8182344 
9-8230636 
9-8767989 
9*9049296 
9-9463960 
9-9662368 
9-9782068 



Tangents. 



30. 43'. 39"-03 
100.53'. 36" 
110. 16'. 10" 
110. 44/. 29"-6 
340. 6'. 24" 
670. 22'. 26"-8 
670. 54' 

630. 47/. 86".59 
710. 83/. 54// 



8-8139084 

9-2843181 

9-2994365 

9-3177416 

9-8307301 

10-1937091 

10-2026266 

10-3078618 

10-4771213 
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CLASSICS. 

ELEMENTARY CLASSICS. 

i8mo, eighteenpence each. 

"^is Series falls into two classes — 

.(*) First Reading Books for Beginners, provided not only 
^*h Introductions and Notes, but with Vocabularies. 
. (5) Stepping-stones to the study of particular authors, 
^'^teuded for more advanced students who are beginning 
*® I'cad such authors as Terence, Plato, the Attic Dramatists, 
^^ the harder parts of Cicero, Horace, Virgil, and 
^'^Ucydides. 

*X*hese are provided with Introductions and Notes, but 

^.^ Vocabulary. The Publishers have been led to pro- 

y*^e the more strictly Elementary Books with Vocabularies 

V the representations of many teachers, who hold that be- 

^^tien do not understand the use of a Dictionary, and of 

^^ers who, in the case of the very large class of middle- 

7^^» schooh where the cost of books is a serious considera- 

^^*i, advocate the Vocabulary system on grounds of economy. 

^' is hoped that the two parts of the Series, fitting into 

^'^^ another, may together fulfil all the requirements of 

j^^mentaiy and Preparatory Schools, and the Lower Forms 

^ l*ublic Schools. 

b 2 
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The following Elementary Books, with Introductions, 
Notes, and Vocabularies, are either ready or in 
preparation : — 

Caesar.— THE gallic war. book I. Edited by A. S. 
Walpole, M.A. [Iteatfy. 

THE GALLIC WAR. BOOKS II. and IIL Edited by W. G^ 
Rutherford, M.A., Head-Master of Westmioster School. 

[Ready^ 

THE GALLIC WAR. SCENES FROM BOOKS V. and VI. 
Edited by C. Colbeck, M.A., Assistant-Master at Harrow ^ 
formerly Fellow of Trinity College, Cambridge. 

[Ready, Vocabulary in preparation^ 

Cicero.— DE SENECTUTE. Edited by E. S. Shuckburgh^ 
M.A., late Fellow of Emmanuel College, Cambridge ; Assistant^ 
Master at Eton College. \In preparation^ 

DEAMICITIA. By the same Editor. \In preparation^ 

Butropii Historia Romana. — SELECTIONS. Edited by- 

William Welch, Assistant-Master at Surrey County SchooC 
Cranleigh. \In the press, 

Greek Testament— selections from the gospels. 

Edited by Rev. G. ¥, Maclear, D.D., Warden of St. Augustine's 
Collie, Canterbury. [In preparation. 

Homer. — ILIAD. book l. Edited by Rev. John Bond, M.A., 
and A. S. Walpole, M.A. [In preparation, 

ILIAD. BOOK XVIII. THE ARMS OF ACHILLES. Edited 
by S. R. James, M.A., Assistant-Master at Eton College. 

[Ready, Vocabulary in preparation. 

ODYSSEY. BOOK I. Edited by Rev. John Bond, M.A., and 
A. S. Walpole, M.A. [Ready, 

Horace.— ODES, books L— in. Edited by T.E. page, M. a, 
late Fellow of St. John's College, Cambridge ; Assistant-Master 
at the Charterhouse. Each ix. 6^. 

[Ready, VOCABULARIES in preparation, 

book IV. By the same Editor. [In the press. 
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'Livy. — ^BOOK I. Edited by H. M. Stephenson, M.A., Head 
Blaster of St. Peter's School, York. [Ready, 

THE HANNIBALIAN WAR. Being part of the XXI. and 
XXII. BOOKS OF LIVY, adapted for the use of beginners, 
hf G. C. Macaulay, M.A., Assistant-Master at Rugby ; formerly 
Fellow of Trinity College, Cambridge. [Ready, 

vid. — SELECTIONS. Edited by E. S. Shuckburgh, M. A. 

[Ready. Vocabulary in preparation. 



— SELECT FABLES. Edited by A. S. Walpole, 
M.A. [In the press, 

ucydides.— THE rise of the Athenian empire. 

BOOK L cc. LXXXIX. — CXVIIL and CXXVIIL — 
CXXXVIIL Edited by F. H. Colson, B.A., Fellow of St 
Jolm's College, Cambridge ; Assistant-Master at Clifton College. 

[In preparation, 

irgil.— iENEID. BOOK I. Edited by A. S. Walpole, M.A. 

[Ready, 

.£N£ID. BOOKV. Edited by Rev. A. Calvert, M.A., Fellow 
of St. John's College, Cambridge. [Ready. 

SELECTIONS. Edited by E. S. Shuckburgh, M.A. 

[Ready, 

^enophon. — anabasis. book l. Edited by A. S. 
Walpolb, M.A. [Ready. 

The following more advanced Books, with Introductions 
and Notes, but no Vocabulary, are either read}^ or in 
preparation : — 

Cicero. — select letters. Edited by Rev. G. E. Jeans, 
M.A., Fellow of Hertford College, Oxford, and Assistant-Master 
at Haileybitfy Collie. [Ready, 

Euripides. — HECUBA. Edited by Rev. John Bond, M.A. 
and A. S. Walpole, M.A. {Ready, 

Herodotus.— SELECTIONS from books VIL and VHL 

THE EXPEDITION OF XERXES. Edited by A. H. Cooici, 
M.A.9 FeUow and Lecturer of King's College, Cambridge. 

[Ready, 
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Horace. — SELECTIONS FROM THE SATIRES AND 

EPISTLES. Ediled by Kev. W. J. V. Bakeh, M.A., Fellow of 

SI. John's College, Cambridge ; A sais tan!- Master at Marlboroogh. 

\^Rcady. 

Ifivy. — THE LAST TWO KINGS OF MACEDON. SCENES 
FROM THE LAST DECADE OF LtVY. Selected and Edited 
by F. H. Rawlins. M.A., Fellow of Kiog's College, Cambridgei. 
and Assistant -Master at Eton Collie. \ln prtparatiail^-^— 

PlatO.^EUTHYPHRO AND MENEXENUS. Edited by C. ^^| 
Graves, M.A., Classical Lecturer and late Fellow of St. Joii^^l 
College, Cambridge. [AffiQ^H 

Terence.— SCENES FROM THE ANDRIA. Edited by F. W. 
Cornish, M.A., Assistant-Master at Eton College, [/b thefrai. 

The Greek Elegiac Poets.— FROM CALLINUS TO 

CALLIMACHUS. Selected and Edited by Rev. Herbert 
KynastoN, M.A., Principal of Cheltenham College, and formerly 
Fellow of St. John's College, Cambridge. l/ttady. 

Thucydides. — BOOK IV. Chs. L— XLI, THE CAPTURE 
OF SPHACTERIA. Ediled by C. E. Gravis, M.A. [Ready. 

Virgil. — GEORGICS. BOOKII. Edited by Rev, J. H. Skrink, 

M.A., late Fellow of Merton College, Oxford ; Assist ml -Master 

It Uppingham. iRady, 

•„• Other Voluma lo fillau. 
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CLASSICAL SERIES 
FOR COLLEGES AND SCHOOLS, 

Fcap. 8voi 

Being select portions of Greek and Latin authors, edited 
with Introductions and Notes, for the use of Middle and 
Vpper forms of Schools, or of candidates for Public 
Examinations al the Universities and elsewhere. 

AschineS. — in CTESIPHONTEM, Edited I 

GwATKiN, M.A., late Fellow of St. John'i CoUege, Camlaidt 
[Inlkefr 



CLASSICAL SERIES. 



JBschyluS, — PERSiE. Edited by A. O. Prickard, M.A., 
Fellow and Tutor of New Collie, Oxford. With Map. y, 6d, 

Catullus. — SELECT POEMS. Edited by F. P. Simpson, B.A., 
late Sdiolar of Balliol College, Oxford. New and Revised 
Edition. 5^. 

Cicero.— THE ACADEMICA. Edited by James Reid, M.L., 
Fellow of Caius College, Cambridge. 4s. 6d. 

THE CATILINE ORATIONS. From the German of Karl 
Halm. Edited, with Additions, by A. S. Wilkins, M.A., Pro- 
fessor of Latin at the Owens College, Manchester. New Edition. 

PRO LEGE MANILIA. Edited after Halm by Professor A. S. 
Wilkins, M.A. 3^. td. 

THE SECOND PHILIPPIC ORATION. From the German 
cf Karl Halm. Edited, with Corrections and Additions, 
hw John £. B. Mayor, Professor of Latin in the Univeraty of 
Cambridge, and Fellow of St. John's College. New Edition, 
revised. 5j. 

PRO ROSCIO AMERINO. Edited, after Halm, by E. H. DoN- 
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THE FIRST PHILIPPIC. Edited, after C. Rehdantz, by Rev. 
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M.A., Head-Master of St. Peter's School, York. 
BOOKS XXL AND XXII. Edited by the Rev. W. W. Capes,' 
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Fostgate, M.A., Fellow of Trinity College, Cambridge. 6x. 

SalluSt. — CATILINE AND JUGURTHA. Edited by C. Meri- 
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Graves, M.A., Classical Lecturer, and kte FeUow of SI. Jdin's 
College, Cambtldge, (To be published separately.) 

[ffofti /r. iM tie press. 

BOOKS VI. AND VIL THE SICILIAN EXPEDITION. Edited 
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^Itoninus, Marcus Aurelius. — book iv. of the 

MEDITATIONS. The Text Revised, with Translation and 
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Svo. lis. t ' 
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I. (5rf. 



Cicero. — THE ACADEMICA. The Tent revised and explained 
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by Walter Leaf, M.A., Fellow of Trinity College, Cambridge, 
andthelate J. H. Pratt, M.A. 8vo. [In preparation, 

THE ILIAD. Translated into English Prose. By Andrew 
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INTRODUCTION TO THE STUDY OF HOMER. By the 
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(See also Classical Series,) 
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Universi^ College, London, and William Jackson Brodribb, 
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PRONUNCIATION OF LATIN, for the use of Classical 
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England.— EXERCISES ON LATIN SYNTAX AND IDIOM, 
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Goodwin. — Works by W. W. GooDWiN, LL.D., Professor of 
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KEY TO FIRST STEPS (for Teachers only). i8mo. y, 6d, 
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Kynaston.— EXERCISES in the composition of 
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Edition. Extra fcap. 8vo. $s. 

PASSAGES FOR TRANSLATION INTO LATIN PROSE. 
Edited with Notes and References to the above. New Edition. 
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** Marked by the clear and practised insight of a masler in bis art A boolt tlMit 
Would do honour to any country. " — ^Athen^sum. 

SCHOOL LATIN GRAMMAR. By the same Author. Crown 
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A HELP TO LATIN GRAMMAR ; or, The Form and Use 
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GREAT. Crown 8vo. 6j. 
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Jebb. — Works by R. C. JEBB, M.A., Professor of Greek in the 
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SELECTIONS FROM THE ATTIC ORATORS, ANTIPHON, 
ANDOKIDES, LYSIAS, ISOKRATES, AND IS^OS. 
Edited, with Notes. Being a companion volume to l" 
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MahafTy. — Works by J. P. MahAFFV, M.A., Profrasor of Andent 

HUtory in Trinity College, Dublin, >nd Hon. Fellow of Queen's 

College, OiforJ. 
social life IN GREECE; from Homer to Menander. 

Fo'jrth Edition, revised and enlarged. Crown Svo. gr, 
RAM5LES AND STUDIES IN GREECE. VVilh lUusl rations. 

Second Edition. With Map. Crown Svo. loj. 6J. 
A prime:* of greek ANTIQUITIES. With Illustrations. 

EURIPIDES. l8mo. 11. td. {Clasikal WriUrs Sena.) 

Mayor (J. E. B.)— bibliographical clue to latin 

LITERATURE. Edited after HUBNER, with large Additions 
by Professor JOHN E. Ii. Mayor. Crown Svo. loj. W. 

Ramsay,— A school history of rome. By g. g. 

RaUsAY, M.A., Professor of Humanity in the University of 
Gksgow, With Maps. Crown Svo. \!h preparation. 
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MACMILLAN'S EDUCATIONAL CATALOGUE. 



MATHEMATICS. 

(i) Arithmttic, (2) Algebra, (3) Euclid and l:. i ^« 
mentary Geometry, (4) Mensuration, (5) Highe^l 
Mathematics. ■ 

ARITHMETIC. 

Aldis.— THE GIANT ARITHMOS. A most Elementaiy Arilfe 
metic for Children. By Makv Stbadmam Aldis. """" 
UluBlration^. Globe Srn. 2j. (,d. 

Brook-Smith (J.). — arithmetic in theory and 

PRACTICE. By J. Brook-Smith, M,A., LL.B,, St. John'! 
College, Cambridge ; Barrl'iter-aC-Law ; one of the Miisters of 
Cheltenham College. New Edition, revised. Crown gvo. 4J. 6rf, 

Candlec. — HELP TO arithmetic Designed fbr the use of 
Schools. By H. CAHtiLER, M.A., Mathemalica] Master of 
Uppingham School. Eitra fcap. Svo. 2J. 60". 

Dalton. — RULES AND EXAMPLES IN ARITHMETIC, By 
the Rev. T. Dalton, M.A., AsaiataDi- Master of Eton College. 
New Edition. l8mo. w.'Srf. 

\Answcr! to the Examples art apptndid, 

Pcdley.— EXERCISES IN ARITHMETIC for the Use of 
Schools. Containing more than 7,000 original Eiamples. By 
S. Pedlev, late of Tamworlh Grammar School Crown Svo. 51. 

Smith. — Works by the Rev. Barkard Smith, M.A., late Rector 
of Glastnn, Rutland, end Fellow and Senior Bursar of S. Peter's 
College, Cambridge. 
ARITHMETIC AND ALGEBRA, in thrir Principles and Appli- 
eation ; nith numerous systematically arranged Examples talien 
from the Cambridge Exsnrinalion Papers, with especi^ reference 
to the Ordinary Eiamination fur the B.A. Degree. New Edition, 
carefully Revised. Crown Svo. lOr. bd. 
ARITHMETIC FOR SCHOOLS. New Edition. Crown Svo. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. New 
Edition. Crown Svo. Zs. 6d. 
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Smith. — Works by the Rev. BARNARD SMITH, M.A. (ccHlinutd^ — 
EXERCISES IN ARITHMETIC. Crown Bvo, limp cloth, at. 

Wilh Answers, 3J. 6J. 
Answers sepBratel;^ , 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo, clolh. 31. 
Or sold Eeparately, in Three Parts, U. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 

" £ I., n., and HI., zi. 6d. each, 
SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. iSmo, cloth. Or son- 
ritely. Part I. arf. ; Part II. y. ; Part III. 7d. Aii3«ere. 6J. 
P*- THE SAME, wilh Answers coinplete. iSmo, cloth, u. W. 

' KEY TO SHILLING BOOK OF ARITHMETIC. iSnio. 41. 6J. 
■ EXAMINATION PAPERS IN ARITHMETIC. iSmo. u. 6ii. 
The .win*, wilh Answers, tSmo. as. Answers, W, 
KEY TO EXAMINATION PAPERS IN ARITHMETIC 
iSmo, 4s, 6ii. 

I THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with nnmerous Examples, 
written expressly for Standard V. in National Schools. New 
Edition. i8mo, cloth, sewed, y. 
A CHART OF THE METRIC SYSTEM, on a Sheet, size 43 in. 
by 34 in. on Roller, mounted and varnished. New Edition. 
Price 31. W. 
Also a Small Chart on a Card, price id. 
EASY LESSONS IN ARITHMETIC, comhining Exe 
• 



Raading, Writine, Spelling, and Dictation. Part I. for SlHidard 

I. in National Schools, down Svo. gd. 
EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 

Lord Sandon.) Wilh Answers and Hints. 
Slandards I. and 11. in box, u. Standards III., IV., and V., in 

boxes, IS. each. Standard VI. in Two Farts, in boxes, li. each. 



A snd B papers, of nearly the same difficDlty, are given 90 as to 
prevent copying, and ihe colours of the A and U papers differ in each 
Slaaddrd, and from those of every other Standard, so thai a laaEttr 
«r mistress can see at a gfancc whether Ihe children have the proper 



MACMILLAN'S EDUCATIONAL CATALOGUE. 



ALGEBRA. 

Dalton. — RULES and examples in algebra. By the 
Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2/. Part II. i8mo. 2s, 6d. 

Jones and Cheyne.— algebraical exercises. Pro- 
gressively Arrai^ed. By the Rev. C. A. Jones, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. i8mo. 2x. 6d, 

• 

Smith. — ARITHMETIC AND ALGEBRA, in their Principles 
and Application ; with nomerons systematically arrai^^ed Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rntlaiid^ 
and Fellow and Senior Bursar of St. Pet^s Collq^ Cambridge. 
New Edition, carefully Revised. Crown 8vo. lor. 6tL 

Todhunter. — Works by L Todhunter, M.A., F.R.S., D.Sc» 

of St. John's College, Cambridge. 

*' Mr. Todhunter is chiefly known to Students of Mathematics as the author of a 
series of admirahle mathematical text-books, which possess the rare qoalides of beins 
dear in style and absolutely free from mistakes, typ(^Knq>hical or other."— Saturday 
Rbvibw. 

ALGEBRA FOR BEGINNERS. With mmierons Examples. 
New Edition. i8mo. 2s. 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. dr. 6tL 

ALGEBRA. For the Use of Colleges and Schools. New Edition. 

Crown 8vo. ^s, 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. lor. 6d. 



EUCLID ft ELEMENTARY GEOMETRY. 

Constable.— GEOMETRI^L EXERCISES FOR BE. 
GINNERS. By Saicukl Constabli. Crown Sto. Sf. M 

Cuthbertson. — ^EUCLIDIAN GEOMETRY. By Francis 
CuTHBBRTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fcap. 8vo. 41. 6d, 



DodgSOn.— EUCLID, books I. and II. Edited by Ckarles 
L. DODGSON, M.A., Student and late Mathernalioal Lecturer of 
Chrial Church, Oxford. Second Edition, with words substituted 
for the Algebraical Symbols used in the First Edition. Crown 



Kitchener.— A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 



^ Mault.— NATURAL GEOMETRY : an Introduction to the 
Logical Study of Mathematics. For Scbools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout, By A. Mault. iSmo. it. 
Models to Illustrate the above, in Box, I2J. 6rf, 

y Syllabus of Plane Geometry (corresponding to Euclid, 

' " .ksl.— VL). Prepared by tlie Afsuciation for the Improve- 

it of Geometrical Teaching. New Edition. Crown Svo. Is. 

•Todhunter.— THE ELEMENTS OF EUCLID. For the Use 
of Collegesand Schooti. By \. Todhunter, M,A., F.R.S., D.Sc, 
of SL John's College, Cambridge. New Edition. lEmo. 31. 5rf. 
KEY TO EXERCISES IN EUCLID. Crown Evo. 61. &/. 

Vilson (J. M.}. — ELEMENTARY GEOMETRY. BOOKS 
I. — V. Containing the Subjects of Euclid's first Sii Books. Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
T. M. Wilson, M.A., Head Master of Clifton College. New 
Edition. Extra fcap. Svo, 41. 6d. 

MENSURATION. 
Tebay, — elementary mensuration for schools. 

With numerous examples. By Septimus Tebav, B.A., Head 
Master of Queen Elizabeth's Grammar School, Rivington. Extra 
icap. Evo. 31. bd. 
Todhunter.— MENSURATION for beginners. By L 
Todhunter, M.A., K.R.S., D.Sc, of St. John's College, Cam- 
bridge. With numerous Examples. New Edition. iSroo. zj. 6d. 
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HIGHER MATHEMATICS. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Aitronomcr. 

Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 

EQUATIONS. Designed for the Use of Students m die Univer- 
sities. With Diagrams. Second Eldiiion. Crown 8vo« 5^ ^tL 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown 8vo. 6j. 6d, 

Alexander (T.).— elementary applied MECHANICS. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually frcmi first principles by means oF Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 41. 6d, 

Alexander and Thomson.— ELEMENTARY APPLIED 

MECHANICS. By Thomas Alexaitder, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japaa ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part IL Trans- 
verse Stress. Crown 8vo. ioj. 6d, 

Bayma the elements of molecular mechanics. 

By JosBPB Bayma, S.J., Professor of Phik>sophy, Stonyhnist 
College. Demy 8vo. lOr. 6d, 

Beasley.— AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Beasley, 
M. A. Eighth Edition, revised and enlarged. Crown 8vo. Jf. 6tL 

Blackburn (Hugh).— ELEMENTS OF PLANE TRIGO- 
NOMETRY, for the use of the Junior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A.« kite 
Professor of Mathematics in the University of Glasgow. Globe 
8vo. IS, td. 

Boole. — Works bv G. Boole, D.C.L., F.R.S., Iat6 Prafessor of 
Mathematics in the Qaeen*s University, Ireboid. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Third 
and Revised Edition. Edited by I. ToDHUNTER. Crswn 8vo. 
14^. 
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Boole. — Works by G. Boole. D.C.L., &c. [canlimud)— 

A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 

e'ememary Volume. Edited by 1. TODHUNTKR, Crown 8vo. 
.6d. 
THE CALCULUS OF FINITE DIFFERENCES, Third 
Edition, revised by ]. F. Moulton. Crown 8vo. loi. 6/, 

Cambridge Senate-House Problems and Riders, 
with Solutions :^ 

1875— PROBLEMS AND RIDERS. By A. G. Grkknhill, 

M.A. Crown Svo. 8j. 6d. 
1878— SOLUTIONS OF SENATE -HOUSE PROBLEMS. By 

flje Mathenntical Moderators and Exaaiinera, Edited byj. W, L. 

Glaishek, M.A., Fellow of Trinity College, Cambridge, izi. 

Cheyne. — an elementarv treatise on the plan- 

ETARV THEORY. By C. H. H. Cheynk, M.A., F.R.A.S. 
With a Collection of Problems. Second Edition. Crown Svo, 
6j. &/. 

Christie. — a collection of elementary test- 

QUESTIONS in PURE AND MIXED MATHEMATICS; 
with Answers and A|>pendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. CattlSTIK, F.R.S., Royal Military Academy, Woolwich. 
Crown Svo. 8r, bd. 

Clausius. — MECHANICAL THEORY OF HEAT. By R. 
ClAl/SlUS. Translated by Walter R. BROWNE, M.A., late 
Fellow of Trinity College, Cambridge. Crown Svo. tOJ. W. 

Clifford. — THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K.CLlFFOmi, F.R.S,, late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I.— KIN tMATIC. 
Crown Svo. ^s. 6J. 

Cotterill.^A TREATISE ON APPLIED MECHANICS. By 

Jambs CoTTERiLL, M. A., F.R.S., Professor of Applied Mechnnics 

at the Royal Naval College. Greenwich. With Illustrations. 8vo. 

[/« tkefriss. 

Day. — PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I. THE ELLIPSE. With Frob- 
By the Rev. H, G. Day, M.A. 8vo. jr. 6rf. 

■ELECTRIC LIGHT ARITHMETIC. By R. E. 
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Drew. — GEOMETRICAL TREATISE ON CONIC SECTION!. 
By W. H. Drew, M.A., St. John's College, Cambridge, NeW 
Edilion, enlarged, CrowD Svo. 51. 
SOLUTIONS TO THE PROBLEMS IN DREW'S CONH 
SECTIONS. Crown 8vo. 4/. dd. 

Dyer, — exercises in analytical geometry. Com 

piled and arranged hy J. M, Dveh, M.A,, Senior Mathetnatid 

Mailer in the Classical Department of Cheltenham College. Witj 

Illuslralions. Crown 8vo, 4J. 6d. 
Edgar (J. H.) and Pritchard (G, S.), — NOTE-BOOK OB 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY, 

Containing ProWems with help for Solutions. By J. H. EdcAI 

M.A., Lecturer on Mechanical Drawing at the Royal School c 

Mines, and G, S. PRlTCMARD, Fourth Edilion, revised ti 

ArtHUk [*eezK, Globe 8vo. 4J. 6J. 
Ferrers. — Works by the Rev. N. M. Ferrers, M.A., Fellow an 

Master of Gonville and Cains College, Cambridee, 
rAM ELEMENTARY TREATISE ON TRILINEAR 

ORDINATES, the Method of Reciprocal Polars, and the Ttw 

of Projectors. New Edition, reviaed. Crown 8vo. fa. W. 
AN ELEMENTARY TREATISE ON SPHERICAL HAB 

MONICS, AND SUBJECTS CONNECTED WITH THEM 

Crown 8vo. ^I. 6d. 
FrOBt — Works by PsRCiVAL Fbost, M.A., D.Sc., formerly Feltoi 

of St, John's Collie, Cambridge ; Mathematical Lecturer "■ 

King's College, 
AN ELEMENTARY TREATISE ON CURVE TRACING. 

Pkscival Frost, M.A, 8vo. 121. 
SOLID GEOMETRY. A New Edition, revised and enlareod, « 

the Treatise by Frost and Wolstekholmb. In a Vols. Vol. ] 

Svo. i6j. 
Hemming.— AN ELEMENTARY TREATISE ON TB 

DIFFERENTIAL AND INTEGRAL CALCULUS, for I 

Use of CoUqjes and Schools. By C. W. Hemming, M.A. 

Fellow of St. John's College, Cambridge. Second Edilion, wit 

Corrections aud Additions. Svo. gj, 

Jackson. — geometrical conic sections. An El» 

mentary Treatise in which the Conic Sections are defined as the 
: Plane Sections of a Cone, and treated by the Method of Pro- 
- lection. By J. Stuart Jackson. M.A., kte Fellow of Gonville 

and Caius College, Cambridge. Crown Svo. 41. 6d. 



Jellet (John H.). — a treatise on the theory of 
FRICTION. By John H. Jellbt, B.D., Provost of Trinity 
College, Dublin: President of the Royal Irish Academy. 8vo. 
&. ftd. 

KcUand and Tait. — introduction to q uater- 

NIONS, with numerous eiamples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown Svo. "]!. 60". 
Kempe. — how to draw a straight LINE: tt Lecture 
on Linkages. By A. B. Kkmpk. With lUustrations. Crown 8vo. 
II. 6a^ (Nature Siriis.) 
■ Lock.— elementary trigonometry. By Rev. J. B. 
I Lock, M.A., Fellow of Caius College, Cambridge; Assistant- 

[• Master at Eton. Globe 8vo. 41.6^. 

HIGHER TRIGONOMETRY. By tbe same Author. Crown 
8vo. [/« thi Press. 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
i,too Problems. By Sydney Lufton, M.A., Assistant-Master 
in Harrow School. Globe 8vo. 5J. 
Merriman.— ELEMENTS OF THE METHOD OF LEAST 
SQUARE. By Mansfield MerhIman, Ph.D., Professor of 
Civil and Mechanical EngineerinE, Lehigh University, Eethlahem, 
Penn. Crown 8vo, -js. fid. 
Morgan.— A COLLECTION of problems AND EX- 
AMPLES IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown Svo. bs. fid. 
aillar. — ELEMENTS OF DESCRIPTIVE GEOMETRY. By 
J. B. Millar, C.E., Assisisnt Lecturer in Engineering in Owens 
CoU^e, Manchesier. Crown 8vo. 6j. 
—A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples. For use in 
Colleges and Schools. By Thos. MuiH, M.A., F.R.S.E., 
Mathematical Master in the High School of Glasgow. Crown 
8vo. 7J. 6rf. 
PParldnSon.— AN ELEMENTARY TREATISE ON ME- 
CHANICS. For the Use of the Jnnior Classes at the University 
and the Higher Classes in Schools. By S. PARKINSON, D.D., 
F.R.S., Tutor and Prelector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
" . 9». W. 
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Phear.— ELEMENTARY HYDROSTATICS. With NmneroM 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. New Edition. Crown 8vo. 

Pirie.— LESSONS ON RIGID DYNAMICS. By the Rer. G. 
PiRiE, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics ia the University of Aberdeen. 
Crown 8vo. df. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed ibr the 
Use of Beginners. By G. H. Puckle, M.A. New Edition, 
revised and enlarged. Crown 8vo. *js, 6d. 

Rawlinson.— ELEMENTARY STATICS. By the Rev. Georgk 
Rawlinson, M.A. Edited by the Rev. Edward Sturgss, M.A. 
Crown 8vo. 41. 6d. 

Reynolds. — MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3j. 6^/. 

Reuleaux.— THE KINEMATICS OF MACHINERY. Out. 
lines of a Theory of Machines. By Professor F^ RSULSAUX. 
Translated and Edited by Professor A. B. W. Kknnkdt, C.E. 
"With 450 Illustrations. Medium 8vo. 2IJ. 

Robinson. — ^TREATISE ON MARINE SURVEYING. Pre- 
pared for the use of younger Naval Officers. With Questions for 
Examinations and Exercises principally from the Papers of the 
Royal Naval College. With the results. By Rev. John L. 
Robinson, Chaplain and Instructor in the Royal Naval College,. 
Greenwich. With Illustrations. Crown 8vo. 7j. 6d. 

Contents. — Symbols used in Charts and Surveying — The Constniction and Us* 
of Scales— Laying off Angles— Fixing Positions by Angles — Cbarta vad Ouurt- 
Draving — Instruments and Observing — Base Lines — T^riaagulationr—Levelling— 
T^es and Tidal Observations— Soundings — Chronometers — Meridian Distances 
— Method of Plotting a Survey— Miscellaneous Exercises— Index. 

Routh. — Works by Edward John Routh, M.A., F.R.S., D.Sc, 
late Fellow and Assistant Tutor at St Peter's College, Cambridge ; 
Elxaminer in the University of London. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Examples. Fourth and 
enlarged Edition. Two Vols. VoL I. — Elementary Parts. 8vo. 
14J. Vol. II.— The Higher Parts. 8vo. {In tie press. 
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BiOUtb— Works by E. J. Routh, M.A., F.R.S., D.Sc. (centimted)^ 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams' Prise Essay for 
1877. 8vo. 8j. 6d. 



(C). — CONIC SECTIONS. By Charles Smith, M.A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. Crown 
8vo. 7j. 6d, 

SnowbaU. — ^the elements of plane and spheri- 
cal TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crown 8vo. yj. 6d, 

Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. 12s, 

Todhunter. — Works by I. ToDHUNTER, M.A., F.R.S., D.Sc, 

of St. John's Con^e, Cambridge. 

** Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
■eries of admirable mathematical text-books, which possess the rare qualities of being 
eV cv r in style and absolutely free from mistakes, typographical and o^er." — 
Satukdav Rsvikw. 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2s. 6d, 

KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 

MECHANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. ^, 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 8yo. 
6s. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. New Edition, revised. Crown 8yo. yj. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. New 
Editioo. Crown 8yo. $s, 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. lOf. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
EditioD, enlarged. Crown 8vo. ^. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. ^s, 6d, 
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Todhunter.— Works by I. Todhuntkr, M.A., &c {eonHnuidy' 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. New Edition. Crown 8vo. ' los, 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown 8vo. \os, 6d, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. 4s. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
los, 6d, 

A HISTORY OF THE MATHEMATICAL THEORY ' OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8vo. i8j. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
principally on the Theory of Discontinuous Solutions : an Essay to 
which the Adams' Prize was awarded in the University of Cam- 
bridge in 1871. 8vo. dr. 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. 8vo. 241. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. lOf. M. 

Wilson (J. M.). — SOLID GEOMETRY AND CONIC SEC- 

TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. 3j. 6d, 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by T. Wilson, M.A.^ 
and S. R. Wilson, B.A. Crown 8vo. 4s. 6a. 

** The exercises seem beautifully graduated and adapted to lead a student on most 
gently and pleasantly." — E. J. Routh, F.R.S., St Peter's College, Cambridge. 

(See also Elementary Geometry,) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By \V. 
P. Wilson, M..A., Fellow of St. John's College, Cambridge^ and 
Professor of Mathematics in Queen's College, Belfast. 8vo. 
^, 6d, 
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Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Division*? of the Schedule of 
Fubjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Profersor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlai-ged. 8vo. iSs. 



SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (9^ Political Economy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Worlcs by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8vo. 6s. 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. 9^. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. 9j. 6d, 

Airy (Osmond). — a treatise on geometrical 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. 35. 6d, 

Alexander (T.). — elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of £le- 
msntary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4J. 6d, 

d 
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Alexander — Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.g.^ the wheels of a locomotive ; 
continuous beam?, &c., &c. Crown 8vo. lox. 6d. 

Awdry.—EASY LESSONS ON LIGHT. By Mrs. W. Awdry. 
Illustrated. Extra fcap. 8vo. 2s, 6d, 

Ball (R. S,). — EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal College of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheapei 
Issue. Royal 8vo. los. 6(i, 

Chisholm. — THE SCIENCE OF WEIGHING AND 
MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H. W. Chisholm, Warden of the Standards, 
With numerous Illustrations. Crown 8vo. 41. 6d, {Nature Serifs.) 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., latf 
Fellow of Trinity College, Cambridge. Crown 8vo. lOJ. 6d, 

Cotterill.— A treatise on applied mechanics. By 

James Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics at the Royal Naval College, Greenwich. With Illus- 
trations. 8vo. [In the press, 

Cumming. — AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. By LiNNiEUS Cumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown 8vo. 
8x. 6d. 

Daniell.— A TREATISE ON PHYSICS FOR MEDICAL 
STUDENTS. By Alfred Daniell. With Illustrations. 
8vo. [In preparation. 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
Ci llcge, London. Pott 8vo. 2s, 
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Everett— UNITS and physical constants. By J. D. 

Everett, F.R.S., Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. 4;. 6d. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
School of Mines, &c. i8mo. i^. 

Kempe.— HOW to draw a straight line ; a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 
8vo. I J. 6d. [Nature Serus,) 

[ennedy. — mechanics of machinery. By A. B. w. 

Kennedy, M.Inst.C.E., Professor of Engineering and Mechani- 
cal Tedinology in University College, London. With Illus- 
trations. Crown 8vo. [In the press, 

lang. — EXPERIMENTAL PHYSICS. By P. R. Scott Lang, 
M. A., Professor of Mathematics in the University of St. Andrew. 
Crown 8vo. \Tn preparation, 

"iiilartineau (Miss C. A.).— easy LESSONS ON heat. 

By Miss C. A. Martineau. Illustrated. Extra fcap. 8vo. 

Tilaycr. — sound : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown Svo. 2j. td, [Nature Series.) 

Mayer and Barnard. — light : a Series of Simple, Enter- 
taining, and Inexpensive Experiments in the Phenomena of Light, 
for the Use of Students of every age. By A. M. Mayer and C. 
Barnard. With numerous Illustrations. Crown 8vo. 2s. 6d, 
(Nature Series,) 

Newton. — PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburne. 4to, cloth. 31J. 6d. 

THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A. Third Edition. 8vo. 12s, 

Parkinson.— A treatise on optics. By S. Parkinson, 
D D., F.R.S., Tutor and Prgelector of St. John's College, Cam- 
bridge. New Edition, revised and enlarged. Crown 8vo. 

los. 6d. , 

d 2 
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Perry. —st:eam. an elementary treatise. Bjr 

John P^rry, C.E., Whitworth Scholar, Fqllow of t;he Chemical 
Society, Lecturer in Physics at Clifton College. With nuo^^rous 
Woodcuts and Numerical Examples and Exercises. il8m^ 

Rayleigh.— THE THEORY OF SOUND. By Lord Rayleigh, 
M.A., F.R.S., iprmedy Fellow of Trinity Colfege, Caml^4S^ 
8vo. Vol. I. i2s, 6d, Vol. ,IL I2s, 6d, 

,[Vol. III. m the^ess, 

Reuleaux.— THE KU»TEMATICS of machinery. i€hit- 
lines of a Theory of Machines. By Professor F. Rbulqaux. 
Translated and Edited by Professor A. B. W. JCen^HKDY, C.E. 
With 450 Illustrations. Medium 8vo. ziSm 

Shfi^nn.— AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 4J. 6</. 

SpOttiswOOde.— POLARISATION OF LIGHT. By the late 
W. Spottiswoode, P.R.S. With many Illustrations. New 
Edition. Crown 8vo. ^s, 6d, {Nature Sef'i€sJ) 

§^wart (Balfour). — Works by Balfour Stewart, F.R.S., 
;ProfessQr pf Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

-PRIMER OF PHYSICS. With numerous IHustiations. ^qw 
Edition, with Questions. l8mo. is, {Science Primers,) 

J^ESSONS IN ELEMENTARY PHYSICS. With nunaerons 
Illustrations and Chromolitho of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. Fcap. 8vo. 41. 6d, 

QUESTIONS ON BALFOUR STEWART'S ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Core, Owens 
-College, Manchester. Fcap. 8vo. 2j. 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.B. With Illustrations. i8mo. y. 6d, 

Tait— AN ELEMENTARY TREATISE ON HEAT. By 
Professor Tait, F.R.S.E. Illustrated. Crown 8vo. 

[/« the press. 
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Thompson. — elementary lessons in electricity 

AND MAGNETISM. By Silvanus P. Thompson. Pro- 
fessor of Experimental Physics in University College, Bristol. 
"Wilh Illustrations. Fcap. 8vo. 4s, 6d, 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. Todhunter, M.A., F.R.S., D.wSc. 
Part I. The Properties of Solid and Fluid Bodies. i8mo. 3J. 6d. 
Part II. Sound, Light, and Heat. i8mo. 3^. 6d, 

^rtg^ht (Lewis). — LIGHT ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly 200 Engravings and Coloured 
Pl^es. Crown 8vo. 7^. 6d, 

r ASTRONOMY. 

Airy.— POPULAR astronomy. With Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer- Royal. New Edition. 
i8mo. 4^, 6d, 

Forbes. — ^transit of VENUS. By G. Forbes, M. a., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. 3J. (>d, {Nature Series.) 

Godfray. — "V^orlcs by Hugh Godfray, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges and 

School^. New Edition. 8vo. 12s, 6d. 
AS feLEMENTARY TREATISE ON THE LUNAR THEORY, 

with a Brief Sketch of the Problem up to the time of Newton. 

Second Edition, revised. Crown 8vo. $s, 6d, 

liOCkyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 

l8mo. IS, {Science IMmers.) 
fctEMENTARY LESSONS IN ASTRONOMY. With Coloured 

Diagram of the Spectra of the Sun, Stars, and Nebulae, and 

numerous Illustrations. New Edition. Fcap. 8vo. 51. 6d, 
QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 

ASTRONOMY. For the Use of Schools. By John Forbes- 

Robertson. i8mo, cloth limp. is. 6d. 
+HE SPECTROSCOPE AND ITS APPLICATIONS. With 

Coloured Plate and numerous Illustrations. New Edition. Crown 

8vo. 5f . 6d. 
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Newcomb.— POPULAR astronomy. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With 1X2 Illustrations 

and 5 Maps of the Stars. Second Edition, revised. 8vo. iSs. 

"It is unlike anything else of its kind, and will be of more use in circulating a 
knowledge of Astronomy than nine-tenths of the books which haye appeared on the 
subject of late years."— Saturday Review. 

CHEMISTRY. 

Fleischer. — a system of volumetric analysis. 

Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With Illustrations. 
Crown 8vo. 7^. 6J. 

Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Cheniical 
Master in the Grammar School, Manchester. 

THE OWENS college JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Professor RoscoE, and 
Illustrations. New Edition. i8mo. 2s, 6d» 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. Fcap. 8yo. 3j. 

Landauer. — blowpipe analysis. By j. Landauei. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4t. 6d, 

Lupton. — ELEMENTARY CHEMICAL ARITHMETIC. With 
I, ICO Problems. By Sydney LurroN, M.A., Assistant-Master 
at Harrow. Extra fcap. 8vo. $s, 

Muir. — PRACTICAL CHEMISTRY FOR MEDICAL STU- 

DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is. 6d, 

RoSCOe. — WorKS by H. E. RoscoE. F.R.S. Professor of Chemistry 
in the Victoria University the Owens College, Manchester. 

PRIMER OF CHEMISTRY. With numerous Illustrations. New 
Edition. With Questions. j8mo. is. {Science Primers)^ 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 45. 6d. 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
S.)ciety of Arts Examinations. With a Preface by Professor 
RoscoE, F.R.S. New Edition, with Key. x8mo. 2s, 
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Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Professor H. E. RoscOE, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations, 
Medium 8vo. 

Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 2ix. Vol. II. Part I.— 
Metals. i8x. Vol. II. Part II.— Metals. iSs. 

Vol. III.— ORGANIC CHEMISTRY. Part I.— THE CHEM- 
ISTRY OF THE HYDROCARBONS and their Derivatives, or 
ORGANIC CHEMISTRY. With numerous Illustrations. 
Medium 8vo. 21s, [Pari II, in the press. 

Schorlemmer. — a manual of the chemistry of 

THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens College, Manchester. 
With Illustrations. 8vo. 14?. 

Thorpe. — a series of chemical problems, prepared 
with Special Reference to Professor Roscoe's Lessons in Elemeri- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chemistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society of 
Arts Examinations. With a Preface by Professor Roscoe. New 
Edition, with Key. i8mo. 2s, 

Thorpe and Riicker.— a treatise on chemical 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RucKER, of the Yorkshu-e College of Science. Illusti-atcd. 
8vo, \In preparaHon, 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., 
Lecturer on Chemistry in St. Mary'3 Hospital Medical School. 
Extra f--ap. 8vo. 3J. 6</. 



BIOLOGY. 

Allen.— ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8vo. 3J. 6/. {Nature Serus,) 
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Balfotlr. — A TREATISE ON COMPARATIVE EMBRY- 
OLOGY. By F. M. ^Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. In 
2 vols. 8vo. Vol. I. i8/. Vol. II. 21S, 

Bettany. — FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. i8mo. is, 

Darwin (Charles).— memorial notices ofcharles 

DARWIN, F.R.S., &c. By Professor Huxley, P.R.S., G. J. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature, With a 
Portrait, engraved by C. H. Jeens. Crown 8vo. 2J. dd, 
{Nature Series,) 

Dyer and Vines.— the structure of plants. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney Vines, 
D.Sc, Fellow and Lecturtr of Christ's College, Cambridge, and 
F. O. Bower, M. A., Lecturer in the Normal School of Science. 
With numerous Illustrations. [In preparation. 

Flower (W. H.)— an introduction to the oste- 
ology OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. los, 6d. 

Foster. — Works by Michael Foster, M.D., F.R.S., Professor 
of Physiology in the University of Cambridge. 

PRIMER OF PHYSIOLOGY. With numerous Illustrations. 

New Edition. i8mo. ij*. 
A TEXT-BOOK OF physiology. With Illustrations. Fourth 

Edition, revised. 8vo. 21s, 

Foster and Balfour.— the elements of embry- 

OLOGY. By Michael Foster, M.A., M.D., LL.D., F.R.S., 

Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heajpe, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With lUostrations. Crown 8vo. 
IQf. 6d, 
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Foster and Langley. — a course of elementary 

PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., F.R.S., &c., and J. N. Langley, B.A. New Edition. 
Crown 8vo. 6s, 

Gamgee. — a text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria 
University the Owens College, Manchester. 2 Vols. 8vo. 
With Illustrations. Vol.1. iSs. [Vol, IJ, in the press, 

Gegenbaur.— ELEMENTS OF comparative anatomy. 

By Professor Carl Gegenbaur. A Translation by F. Jeffrey 
Bell, B.A. Revised with Preface by Professor E. Ray Lan- 
kester, F.R.S. With numerous Illustrations. 8vo. 21s, 

Gray.— STRUCTURAL botany, or organography 

on the basis of morphology. To which are added 
thei principles of Taxonomy and Phytography, and a Glossary of 
Botanicad Terms. By Professor Asa Gray, LL.D. 8vo. 
los, 6d. 

Hooker. — ^Works by Sir J. D. Hooker, K.C.S.I., C.B., M.D., 

F.R.S., D.C.L. 
primer of botany. With numerous IllustrationSs. New 

Edition. i8mo. is. {Science Primers,) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS- 

New Edition, revised. Globe 8vo. los, 6d, 

Huxley. — Works by Professor Huxley, P.R.S. 

"introductory primer of science. i8mo. u. 
{Science Primers.) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. New Edition. Fcap. 8vo. 4J. 6d, 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T. Alcock, M.D. i8mo. is, 6d, 

PRIMER OF ZOOLOGY. i8mo. (Science Primers,) 

[In preparation, 

Huxley and Martin.— a course of practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
HiTXLEY, P.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s, 
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Lankester. — Works by Professor E. Ray Lankestbk, F.R.8. 

A TEXTBOOK OF ZOOLOGY. Crown 8vo. [In preparation. 
DEGENERATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo. 2.5, 6d, {Nature Series,) 

Lubbock. — Works by Sir John Lubbock, M.P., F.R,SL, 
D.C.L. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. ^.r. 6d, 
{Nature Series.) 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. 4r. 6d, (Nature Series). 

M'Kendrick. — OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. 12s, 6d, 

Martin and Moalc— ON THE dissection OF VERTE- 

BRATE ANIMALS. By Professor H. N. Martin and W. A. 
MoALE. Crown 8vo. [In preparation. 

(See also page 41.) 
Miall. — STUDIES IN COMPARATIVE ANATOMY. 
No. I. — The Skull of the Crocodile : a Manual for Students. By 
L. C. Miall, Professor of Biology in the Yorkshire College and 
Curator of the Leeds Museum. 8vo. 2J. 6d, 
No. II. — Anatomy of the Indian Elephant. By L. C. MiAix and 
F. Greenwood. With Illustrations. 8vo. 5^. 

Mivart. — ^Works by St. George Mivaki, F.R.S Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards of 

400 Illustrations. Fcap. 8vo. dr. 6d, 
THE COMMON FROG. Witii numerous Illustrations. Crown 

8vo. 3 J. 6d, {Nature Series.) 

Miiller. — ^THE fertilisation of flowers. By Pro- 
fessor Hermann Muller. Translated and Edited by D'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
Illustrations. Medium 8vo. 2is, 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 

Botany in University College, London, &c. 
FIRST BOOK OF INDIAN BOTANY. With numerous lUus- 

trations. Extra fcap. 8vo. 6j. 6d, 
LESSONS IN ELEMENTARY BOTANY. With nearly 200 

Illustrations. New Edition. Fcap. 8vo. 4*. 6d. 
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Parker.— A course of instruction in zootomy 

(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago. With Illustrations. 
Crown 8vo, [/« the press, 

Parker and Bettany.— the morphology of the 

SKULL. By Professor Parker and G. T. BErrANY. Illus- 
trated. Crown 8vo. loj. 6d, 

Romanes.— THE scientific evidences of organic 

evolution. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2$, 6d 
(Nature Series.) 

Smith. — Works by John Smith, A.L.S.t &c. 

A DICTIONARY OF ECONOMIC PLANTS. Then: History, 
Products, and Uses. 8vo. 141. 

DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. With Illustrations. New 
Issue. Crown 8vo. 12s, 6U, 

MEDICINE. 

Brunton. — y^orVz by T. Lauder Brunton, M.D., Sc.D., 
F.R.C.P., F.R.S., Examiner in Materia Mcdica in the University 
of London, late Examiner in Materia Medica in the University of 
Edinburgh, and the Royal College of Physicians, London. 

A TREATISE ON MATERIA MEDICA. 8vo. [In the press, 

TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica MuseuiL<. With Illustrations. New Edition 
Enlarged. 8vo. los. Gd, 

Hamilton. — a textbook of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair), University of Aberdeen. 8vo. [In preparation, 

Ziegler-Macalister.— TEXT-BOOK OF PATHOLOGICAL 

ANATOMY AND PATHOGENHSIS. By Professor Ernst 
ZiEGLER of Tubingen. Translated and Edited for English 
Students by Donald Macalistkr, M.A., M.B., B.Sc, Fellow 
of St. John's College, Cambridge. With numerous Illustrations. 
Medium 8vo. Part I.—GENEKAL PATHOLOGICAL ANA- 
TOMY. I2s, dd. [Part II. in the press. 
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ANTHROPOLOGY. 

Flower— FASHION in deformity, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.C.S. With Illustrations. Crown 8vo 
2s, 6d, \Nature Seties), 

Tylor.— ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, D.C.L., F.R.S. With 
numerous Illustrations. Crown Svo. Is, 6J, 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE rudiments of physical geogra- 
phy FOR THE use OF INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe Svo. 2s, 6d, 

Geikie. — Works by Archibald Geikie, F.R.S., Director General 
of the Geological Sui'veys of the United Kingdom. 

PRIMER OF PHYSICAL GEOGRAPHY. With numerous 
Illustrations. New Edition. With Questions. i8mo. is. 
{Science Primers,) 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. Fcap. Svo. 4r. 6d, 
QUESTIONS ON THE SAME, is, 6d, 

PRIMER OF GEOLOGY. With numerous Illustrations. New 
Edition. iSmo. \s, {Science Prifncrs,) 

ELEMENTARY LESSONS IN GEOLOGY. With Illustrations. 
Fcap. Svo. [In prepctration, 

TEXT-BOOK OF GEOLOGY. With numerotrs Illustrations. 
Svo. 2Sx. 

OUTLINES OF FIELD GEOLOGY. With Illustrations. Nc# 
Edition. Extra fcap. Svo. y, 6d, 

Huxley. — physiography. An Introduction to the Study 
of Nature. By Professor Huxley, P.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown Svo. 6s, 
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AGRICUJLTURE. 

Frankland.— AGRICULTURAL chemical analysis, 

A Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc, F.C.S., Associate of the Royal SchpoJ of .Mines, und 
iDemonstrator of Practic?il and Agricultural Chemistry in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon Leitfadenfiir die Agriculture 
Chemische Analyse, von Dr. F. Krocker. Crown 8voi 7j. 6^. 

Tanner. — Works by Henry Tanner, ^P'.C.S., M.R.A.C, 
Examiner in the Principles of Agriculture under the Government 
Department of Science, sometime Professor of Agricultural Science, 
University College, Aberystwith. 

ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. 3^. td. 

FIRST PRINCIPLES OF AGRICULTURE. i8mo. u, 

THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by I^enry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. 6^. 

II. tFurther Steps in the Principles of Agriculture. \s. 

III. Elementary School Readings in the Principles of Agriculture 
for the third stage. * is, 

POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. "With 9, 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo, 4J. 6</. 

Fawcett.— POLITICAL economy for beginners. 

By Millicent G. Fawcett. New Edition. i8mo. 2j. td. 

Fawcett.— A manual of political economy. By 

Right Hon. Henry Fawcett, M.P., F.R.S. New Edition, 
revised and enlarged. Crown 8vo. 12^. 

Jevons.— PRIMER OF POLJTICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M.A., F.R.S. New Edition. j8mo. 
I/. {Science Primes,) 
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Marshall.— THE economics of industry. By A. 

Marshall, M.A., late Principal of University College, Bristol, 
and Mary P. Marshall, late Lecturer at Newnham Hall, Cam- 
bridge. Extra fcap. 8vo. 2s, 6d» 

Sidgwick.— THE PRINCIPLES OF POLITICAL ECONOMY. 
By Henry Sidgwick, M.A., Prselector in Moral and Political 
Philosophy in Trinity College, Cambridge, Author of **The 
Methods of Ethics." 8vo. i6s. 

Walker.— POLITIC AL economy. By Francis A. Walker, 
M.A., Ph.D., Author of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. los. 6d, 



MENTAL & MORAL PHILOSOPHY. 

Caird. — moral philosophy. An Elementary Treatise oil. 
By Prof. E. Caird, of Glasgow University. Fcap. Svo. 

[In preparation, 

CalderwOOd,— HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. New Edition. Crown Svo. 

Clifford.— SEEING ANt) THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown Svo. y. 6iL 
{Nature Series.) 

tevona. — Works by tie late W. Stanley Jevons, LL.D., M.A., 
F.R.S. 
PRIMER OF LOGIC. New Edition. iSmo. is. {Science 
Primers,) 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. Svo. 31. 6d, 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown Svo. 
12s, 6d, 

STUDIES IN DEDUCTIVE LOGIC. Crown Svo. 6/. 
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Robertson.— ELEMENTARY LESSONS IN PSYCHOLOGY. 
By G. Croom Robertson, Professor of Mental Philosophy, &c., 
University College, London. [In preparation, 

Sidgwick.— THE METHODS OF ETHICS. By Henry 
SiDGWiCK, M.A., Prselector in Moral and Political Philosophy 
in Trinity College, Cambridge. Second Edition. 8vo. 14^. 



HISTORY AND QEOQRAPHV. 

Arnold.— THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CONSTAN- 
TINE THE GREAT. By W. T. Arnold, B.A. Crown 
8vo, 6s. 

"Ought to prove a valuable handbook to the student of Roman history." — 

GUAKOIAN. 

Beesly.— -STORIES from the history of ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s, 6d, 

** The attempt appears to us in every way successful Hie stories^ are interestifi|^ 
in themselves, and are told with perfect simplicity and good feeling." — Daily 
News. 

Brook,— FRENCPI HISTORY FOR ENGLISH CHILDREN. 
By Sarah Brook. "With Coloured Maps. Crown 8vo. dr. 

Clarke.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. p. 

Freeman. — OLD-ENGLISH history. By Edward a. 
Freeman, D.C.L., LL.D., late Fellow of Trinity College, 
Oxford. With Five Coloured Maps. New Edition. Extra fcap. 
Svo. 6s, 

Fyflfe.— A SCHOOL HISTORY OF GREECE. By C. A. 
Fyffe, M.A., FcUow of University College, Oxford. Crown 
8vo. [In preparation. 
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Green. — Works by John Richard Green, M..A:.j I4L.D,, 
Honoraiy Fellow of Jesus College, Oxford. 

SHORT HISTORY OF THE ENGLISH PEOPLE. With 
Coloured Maps, Genealogical Tables, and Chronological Annals. 
Crown 8vo. Ss, 6d, Ninety-second Thousand. 

*' Stands ftlone as the one general hutory of the country, for the sake of which 
all others, if young and old are wise, will be q>eedily and surely set aside."— 
Academy. 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Short 
History of the English People." By C. W. A. Tait, M.A., 
Assistant-Master, Clifton College. Crown Svo. jj. 6d, 

READINGS FROM ENGLISH HISTORY. Selected and 
Edited by John Richard Green. Three Parts. Globe Svo. 
IS. 6d, each. I. Hengist to Cressy. 11. Cressy to CromweU. 
III. Cromwell to Balaklava. 

A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 
John Richard Green and Alice Stopford Green. With 
Maps. Fcap. Svo. 3/. td. 

Grove— A PRIMER OF GEOGRAPHY. By Sir George 
Grove, D.C.L., F..R.G.S. With Illustrations. iSjno. is, 
(Science Primers.) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown Svo. 6s, 

" It is not too much to assert that this is one of the very best class books of English 
History for young students ever published." — Scotsman. 

Historical Course for Schools — Edited by Edward a. 

Freeman, D.C.L., late Fellow of Trinity College, Oxford. 

I.— GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, with Chronological Table, Maps, and Index. iSmo. 
3^ . 6d, 

II.— HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Coloured Maps. i8mo. 
2s, 6d, 

IIL—HISTORY OF SCOTLAND. By Margaret Macarthur. 
New Edition. iSmo. 2s, 

IV.-HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Edition, with Coloured Maps. iSmo. 3^. 6d, 
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Historical Course for Schools. — (aintinutii)— 

V._HISTORY OF GERMANY. By J, Sime, M.A. i8mo. 



FRANCE. By Charlotte M. Yongb. With Maps, iSmo, 

jr. 6ti. 
GREECE. By Edward A. Freeman, D.C.L. [In prsparaHon. 
ROME. By Edward A. Freeman, D.C.L. [/» the press. 

History Primers— Edited by John Richard Green, M.A., 
LL.D.,"^ Author of "A Short History of the English People." 
ROME. By (he Rev. M. Creighton, M.A., lale Fellow and 
Tutor of Mcrton College, Oxford. With Eleyeo Maps. iBmo. is. 



"We E've our nnquMified praise Is this Htlle c 

EUROPEAN HISTORY. By E. A. FhbbMan, D.C.L., LL.D. 

With Maps. iSnio. is. 
■■Thu work b sl»ay9 clear, snd formi a luminaus kev la Eucopean bislory." 
—School Boakd CHUomcLH. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. iSoio. ii. 

"AH ih«l ii neMssary fcr the scholar to know is told locompaclly yel so fc!lj, 
on Ihiililtle woik ia the Gsme light u heieeards hii otlier ichoot books."— SciiooL- 



GEOGHAPHY. By George Grotb, D.C.L. With Maps. 
HI OTiIiiuvT dui-boolu 30 often lIiziasteiiclaHriiljcDiuiu.'^Tuiis. 
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History Pxm^.9 .Cop^i^twfi^ 

JIOMAN ANTIQUITIES. By Prafessor W^p^s. Illus- 
trated. iSmo.* \s, 

** A little book that throws a blaze of light on Roman history, and is, moreover, 
intensely interesting."— School Board Chronicle. 

FRANCE. By Charlotte M. Yonge. ;^8mp. is. 

"May be considered a wonderfully successful piece of work. ^. . . Its general 
merit as a vigorous and clear sketch, giving in a small space a ^Tid idea' of the 
history of France, remains undeniable."— Saturday ^jsvixyr. 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet, is, 

Kiepert — a manual of ancient geography. From 
the German of Dr. H. Kiepert. Crown ^vo. 5j. 

Lethbridgc— A SHORT manual oP the history of 

INDIA. With an Account of India as it is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
Public Works, and Industries ; the Civil Services, and System 
of Administration. By Roper Lethbridge, M.A., CLE., 
late Scholar of Exeter College, .Oxford, formejiy Principal of 
Kishnaghur College, Bengal, Fellow aQd soctetiDpe Exan^i^er of 
the Calqutta University. With Maps. Cro.wn 8,vo. .5^. 

Michelet. — a SUMMARY OF MODERlJf HJSTQRY. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Tiqie, by M. C. M. Simpson. Qlobe 8vo. 4s. 6d, 

Ptt6.— SCANDINAVIAN HISTORY. By E. C. Ott6. With 

Maps. Globe 8vo. dr. 

jRams^y.— A school history of ROJ^E. By G. G. 

Ramsay, M.A., Professor of Humwity in .the University of 
Glasgow. With Maps. Crown 8vo. {In preparoHm, 

Tait.— ANALY$aS OF ENGLISH HISTORY, based on Qreen's 
"Short History of the English People." By C. W. A. Tait, 
M. A., Assistant-Master, Clifton College. Crown 8vo. y,.6d, 

Wheeler.— A SHORT history of India and of the 

FRONTIER STATES OF AFGHANISTAN, NEPAUL, 
AND BURMA. By J. Talboys Wheeler. With Maps. 
Crown 8yo. I2s. 

'* It is the best book of the J^ind .we hayeeyer ^^en, and jit r^cofj&fni^nd it to a vUo^ 
In every fchool library."-^EDUCAtiONAL Times. 



^^OpEE^ ;LA^GUAGES AND ^ITtEKATjURE. 51 



Yqixfie (Charlptte M.).— a parallkl hi^xQRY (Ctf* 

FRANCE ANiJ ENGLAND : consisting ot Outlines ^nd'jDates. 
By Charlotte M. Yonge, AutHor of* **The Heir of I^edciyffe," 
&c., &c. Oblong 4to. ^s, 6d, 

CAMEOS FROM ENGLISH HISTORY.— FROM ROLLO 
TO EDWARD II. By the Author of ** The Heir of Kedclyffe." 
-Extra fcap. 8vo. New Edition. 5j. 

A SECOND SERIES OF CAMEOS FROM E^GLIS^H 
^HISTORY. — THE WARS IN FRANCE. New Edition, 
l^xtra fcap. 8vo. $s. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra .fcap. 
8vo. 5j. 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES. 
REFORMATION TIMES. Extra fcap. 8vo. 5j. 

CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 
ENGLAND AND SPAIN. Extra fcap. 8vo. 5j. 

EUROPEAN HISTORY. Narrated in a Series of Ilistoriqal 
Selections from the Best Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First wSeries, 1003 — 1154. 
New Edition. Crown 8vo. 6s, Second Series, xoS8 — 1228. 
New Edition. Crown 8vo. 6s. 



MODERN LANGUAGES AND 

LITERATURE. 

(i) English, (2) French, (3) German, (4) Modefrq 
Greeks (5) Italian. 

Abbott.— A SHAKESPEARIAN GRAMMAR. An attempt 4o 
illustrate some of the Differences between Elizabethan and Modem 
English. By the Rev. E. A. Abbott, D.D., Head Master of the 
City of London School. New Edition. Extra ifcap. Svo. 6s, 

e 2 
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Brooke.— PRIMER OF English literature. By Ac 

Rev. Stofford A. Brooke, M.A. i8mo. ii. {Uitraiure 
Primers,) 

Butler.— HUDIBRAS. P&rt L Editad, with Introductioa ml 
Notes, hy At^tiD MtLKss, M.A. Crown 8vo. 31. 6d, 

[Part II. in tkt press. 

C0Wper*S tASK: AN EPtSTLE TO JOSEPH HILL, ESQ. ; 
TIROCINIUM, or a Review of the Schodls; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Benham, B.D. Globe Svo. is. {filoU Readings from Standard 
Authors.) 

Dowden.— SHAKESPEARE. By Professor DowDEN. i8mo. 
\s, {Literature Ptimers,) 

Dry den. —SELECT PROSE WORKS. Edited, with IntrodtittSoii 
and Notes, by Professor C. D. Yonge. Fcap. Svo. 2s, 6d. 

Gladstone.— SPELLING reform from an educa- 

TIONAL POINT OF VIEW. By T. H. Gladstone, Ph.D., 
F.R.S., Member of the School Board for London. New Edition. 
Crown Svo. is. 6d, 

Globe Readers. For Standards I.— VI. Edited by A. F, 
MuRisoN. Sometime English Master at the Aberdeen Grammar 
School. With Illustrations. Globe Svo. 



Primer I. ^48 pp.) 3^. 

Primer II. (4Spp.) 3d. 

Book I. (96pp.i 6d. 

Book II. (136 pp.) gd. 



Book III. (232 pp.) IX. $d. 
Book IV. (32S pp.) IS. gd. 
Book V. (416 pp.) 2s. 
Book VI. (44S pp.) 2s. 6d. 



** Among the numerous sets of readers before the pubfic the present series is 
honourably distinguished by the marked saperiority of its materials and the 
careful ability with which they have been adapted to the growing capacity of the 
pupils. The plan of the two primers is excellent for facihtating the child's first 
attempts to read. In the first three following books there is abundance of enter- 
taining reading. .... Better food for young minds could hardly be found."— 
The Athenaum. 

GLOBE READINGS FBOM STANDARD AUTHORS. 

Cowper'STASK: AN EPISTLE TO JOSEPH HILL, ESQ.; 
TIROCINIUM, or a Review of the Schools ; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Benham, B.b. Globe Svo. u» 



MODERN LANGUAGES AND LITERATURE. 5, 

QilQBE BSADIN6S FROU 8TANPABD AVTHQfiS 

ContinHcd'^ 

Goldsmith's VICAR OF Wakefield. With a Memoir of 
Goldsmith by Professor Masson. Globe 8vo. is. 

Lamb's (Charles) tales frqm Shakespeare. 

Edited, with Preface, by Alfred Ainger, M.A. Globe 
Svo. 2S, 

Scott's (Sir Walter) lay of the last minstrel ; 

and THE LADY OF THE LAKE. Edited, with Introductions 
and Notes, by Francis Turner Palgrave. Globe 8vo. u. 
MARMION ; and the LORD OF THE ISLES. By the same 
Editor. Globe 8vo. is. 

The Children's Garland from the Best Poets. — 

Selected and arranged by Coventry Patmore. Globe Svo. 2J, 

Yonge (Charlotte M.). — a BOOK OF golden deeds 

OF all TIMES and ALL COUNTRIES. Gathered and 
narrated anew by Charlotte M. Yonge, the Autlior of ** The 
Heir of Redely ffe." Globe 8vo. 2s, 



Goldsmith. — the traveller, or a Prospect of Society ; 
and THE DESERTED VILLAGE. By Oliver Goldsmith. 
With Notes, Philological and Explanatory, by J. W. Hales, M.A. 
Crown Svo. 6d. 

THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith 
by Professor Masson. Globe Svo. is, (Globe Readings from 
Standard Authors.) 

SELECT ESSAYS. Edited, with Introduction and Notes, by 
Professor C. D. Yonge. Fcap. Svo, zs, 6d. 

Hales.— LONGER ENGLISH POEMS, with Notes, Philological 
and Explanatory, and an Introduction on the Teaching of English. 
Chiefly for Use in Schools. Edited by J. W. Hales, M.A., 
Professor of English Literature at King's College, London. New 
Edition. Extra fcap. Svo. 4s, 6d, 

Johnson's lives of the poets. The Six Chief Lives 
(Milton, Drydcn, Swift, Addison, Pope, Gray), with Macaulay's 
•* Life of Johnson." Edited with Preface by Matthew Arnold. 
Crown 8vo. 6s, 
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LalmB (Charies).— tales from SH A'tESPfiARE. Edhedi 
with Preface, by Alfred Ainger, M.A, (Globe Readings from 
Standard Authors, ) 

Literature Primers — Edited by John Richard Green, 

M. A.,fLL.D., Author of " A Short History of the EngUsh People." 
ENGLISH COMPOSITION. By Professor NiCHOL. i8m6. \s. 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.!)., some- 
time President of the Philological Society, i8mo, doth. \s. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., 
and H. C. Bowen, M.A. i8mo. \s, 

EXERCISES ON MORRIS'S PRIMER OF ENGLISH 
GRAMMAR. By John Wetherell, of the Middle School, 
Liverpool College. i8mo. u. 

ENGLISH LITERATURE. By Stopford Brooke, M,A. New 
Edition. i8mo. u. 

SHAKSPERE. By Professor DoWDEN. i8mo. is. 

THE CHILDREN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged with Notes by Francis Turner Pal- 
grave. In Two Parts. i8mo. u. each. 

PHILOLOGY. By J. Peile, M.A. i8mo. w. 

In preparation : — 

HISTORY OF THE ENGLISH LANGUAGE. By J. A. H. 
Murray, LL.D. 

SPECIMENS OF THE ENGLISH LANGUAGE. To lUustratc 
the above. By the same Author. 

Macmillah'S Reading Books.— ^Adapted to the English and 
Scotch Codes. Bound in Cloth. 

PRIMER. i8mo. {48 pp.) 2d. 

BOOK I. for Standard I. i8mo. (96 pp.) A< 

„ IL „ IL l8mo. (144 PP-) 5^ 

„ IIL „ IIL i8mo. (160 pp.) 6^. 

„ IV. „ IV. l8mo. (176 pp.) ft'. 

V. „ V. i8mo. (380 pp.) IJ. 



»» 



MODteRN tANGUAC^ES Al^TD Lif ERATtlRE. ^ 



JKaici!nilIan''s Reading. Books Continued— 

BOOK VI. for Standard VI. Crown 8vo. (430 pp.) 2J. 

, Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

" They are far above any others that have appeared both in form and substance. 

• .^ . The editor of the present series has rigntly seen that reading bool^ niil^f 

* van. chiefly at giving to the pupils the power of accurate, and, if possible, apt' 
and skilful expression ; at cultivating in them a gobd literary tasie, and at arous- 
ing a desire of further reading.' Tms is dqne by. taking care to select the extracts 
from true English classics, going up in Standard Yl. cotirse to Chaucer, Hooker, aUd 
Bacon, as well as Wordsworth,, Macaulay, and Froude. . . . This is quite on the 
^ht track, and indicates justly the ideal which we 6ught to set' befoi^ iu&"— 

CVAKDIAM. 

Macmillan's Copy-Books — 

Fttblished in two sizes, viz. :-^ 

1. Large Post 4to. Price 4^. each. 

2. Post Oblong. Price od, each. 

t. INITIATORY EXERCISES AND SHORT LETTERS. 

*2. WORDS CONSISTING OF SHORT LETTERS. 

♦3; LONG LETTERS. With words containing Long Letters-^ 
Figures. 

♦4; WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. ForNos. 
I to 4. 

♦5. CAPITALS AND SHORT HALF-TEXT. Word's beginning 
with a* Calpital. 

♦6. HALF-TEXT WORDS beginning with Capitals— Figures; 

♦7. SMALL-HAND AND HALF-TEXT. ^ With Capitals and 

Figures. 

•8. SMALL-HAND AND HALF-TEXT. With Capitals and 

Figures. 

8a. PRACTISING AND REVISING fiOPV-BOOT?:. For *f6*. 

5 to 8. 

•9. SMALL-HAND SINGLE HEADLINES— Figures. 

10. SMALL-HAND SINGLE HEADLINES— Figures. 

11. SMALL-HAND DOUBLE HEADLINES— Figures. 

12. COMMERCIAL AND ARITHMETICAL EXAMPLES, &c. 
12a. PRACTISING AND REVISING COPY-BOOK. For Nos. 
8 to 12. 

• These numbers may he had with GoodmatCs Patent Sliding 
Copies, Large Post 4to. Price 6^. each. 



MODERN LAJ^QUAGES AND LITERATURE. $7 
Shakespeare.— A SHAKESPEARE MANUAL, Vy F. G. 

Fleay, M.A., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. 8vo. 4r. 6d, 

AN ATTEMPT TO DETERMINE THE CHRONOLOGI- 
CAL ORDER OF SHAKESPEARE'S PLAYS. By the Rev. 
H. Paine Stokes, B.A. Extra fcap. Svo. 4s, 6d, 
THE TEMPEST. With Glossarial and Explanatory Notes. By 
the Rev. J, M. Jephson. New Edition. i8mo. u. 

PRIMER OF SHAKESPEARE. By Professor DoWDEN. 
1 8mo . is, {Literature Pf imers, ) 

Sonnenschein and Meiklejohn. — THE ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonnen- 
SCHEIN and J. M. D. Meiklejohn, M. A, Fcap. Svo. 

COMPRISING : 

THE NURSERY BOOK, contaimng aU the Two-Letter Words 
in the Language, id, (Also in Large Type on Sheets for 
School Walls. SJ«) 

THE FIRST COURSE, consisting of Short VowoU with Single 
Consonants. 6d, 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants, td, 

THE THIRD AND FOURTH COURSES, consisting of Long 
Vowels, and all the Double Vowels in the Language. 6d, 

' "These are admirable books, because they are constructed on a principle, and 
that the simplest principle on which it is possible to leigrn to read English."*- 
Spectator. 

Taylor.— WORDS and places ; or. Etymological Illustra- 
tions of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and Cheaper Edition, revised and 
compressed. With Maps. Globe Svo. dr. 

Thring.— THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. By Edward Turing, M.A., Head Master of 
Uppingham. With Questions. Fourth Edition. i8mo. 2s, 

Trench (Archbishop). — Works by R. C. Trench, D.U, 

Archbishop of Dublin. 
HOUSEHOLD BOOK OF ENGLISH POETRY, Selected and 
Arranged, with Notes. Third Edition. Extra fcap. Svo. Jj. ^, 

ON THE STUDY OF WORDS, Seventeenth Edition, revised. 
Fcap. Svo. 5j. 
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Breymann.^— Works l!>y HermaniT Breymann,- Pi.&y frd^ 
fcssor of Philology in the Univeifsity of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edi.ion. Extra fcap. 8vo. 4^. 6d. 

FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 4s. 6d. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo. 

Fasnacht.— THE organic method of studying 

LANGUAGES. By G. Eugene Fasnacht, Author of " Mac- 
millan's Progressive French Course," Editor of ** A4[acmillan*s 
Foreign School Classics," &c. Extra fcap. 8vo. 1. French. 
$s. 6d, 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. 

By the same Author. Crown 8vo. 3^. 6d, 

Macmillan's Progressive French Course.-^By G. 

EuGfeNE Fasnacht, sometime Senior Master of Modem Lan- 
guages, Harpur Foundation Modern School, Bedford. 

I. — First Year, containing Easy Lessons on the Regular 
Accidence. Extra fcap. 8vo. is, 

11. — Second YeXr, cotitafning ConversatioWsfl Lessons oh System- 
atic Accidence and Elementary Syntax. With Philological Illus- 
trations and Etymfdlogical Vocabtiary. i j. 6d: 

III. — ^Tuird Year, containing a Systematic Syntax, and Lessons 
in Composition. Extra fcap. 8vo. 2s, 6d. 

THE TEACHER'S COlilPANION TO MACMILLAN'S 
PROGRESSIVE FRENCH COURSE. Thh-d Year. Bv 
G. E. Fasnacht. Globe 8vo. {In the Prist 

Macmillan'8 Progressive French Readers. — By 

G. EuGfeNE Fasnacht. 

I. — First Y^ar, containing Tables, Historical Extracts, Letters, 
Dialogues, Fables, Ballads, Nursery Songs, &c., with Two 
Vocabularies: (i) in the order of subjects; (2) in alphabetical 
order. Extra fcap. 8vo. is, 6d, 

II. — Second Year, containing Fiction in Prose and Verse, 
Historical and Descriptive Extracts, Essays, Letters, Dialogue^, 
&c Extra fcap. 8to. 2s, 6d, 



^ MACMILLAN'S EDUCATIONAL CATALOGUE. 

Mficmillan's Foreign School Classics— ^te4 to 

G. Eugene F^snacht, |8mo, 

FRENCH. 

CORNEILLE— LE CID. Edited by G. E. Fasnacht. u. 

MOLlfeRE— LES FEMMES SAV ANTES. By the same Editor. 

IJ. 
MOLlfeRE—LE MISANTHROPE. By the same Editor, is. 

MOLIERE— LE M^DECIN MALGRE LUI. By the same 
Editor, is, 

MOLlfeRE— L'AVARE. Edited by L. M. Moriarty, B.A., 
Assistant-Master at Rossall. is, 

MOLIERE— LE BOURGEOIS GENTILHOMME. By the same 
Editor. [In preparulioti, 

SELECTIONS FROM FRENCH HISTORIANS. Edited by 
C. CoLBECK, M. A., late Fellow of Trinity CoU^e, Cambridge ; 
Assistant Master at Harrow. [In preparation, 

SAND, GEORGE— LA MARE AU DIABLE. Edited by W, K. 
Russell, M. A., Assistant Master in Haileybury College, is. 

SANDEAU, JULES— MADEMOISELLE DE LA SEIGLlfeRE. 
Edited by H. C, Steel, Assistant Master in Wellington College. 

[In the press, 

VOLTAIRE— CHARLES XIL Edited by G. E. Fasnacht. 

[In preparation, 

GRAMMAR AND GLOSSARY OF THE FRENCH LAN- 
GUAGE IN THE SEVENTEENTH CENTURY. By 
G. E. Fasnacht. [In preparation, 

*4t* Other volumes to follow, 

(See also Germain Authors, page 6i.) 

Masson (Gustave).— a compendious dictionary 

OF THE FRENCH LANGUAGE (French-English and English- 
French). Adapted from the Dictionaries of PiofessOT Alfr£|> 
Elwall. Followed by a List of the Principal Diverging 
Derivations, and preceded by Chronological and Historical Tables. 
' By Gustave Masson, Assistant Master and Librarian, Harrow 
School. New Edition. Crown 8vo, half-boond. dr. 

Moliere. — LE MALADE IMAGINAIRE. Edited, with Intro- 
duction and Notes, by Francis Tarver, M.A., Assistant Master 
at Eton. Fcap. Svo. 2s, 6d, 

(See also Macmillan*s Foreign SchoJ Classics.) 
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GERMAN. 

Macmillan's Progressive German Course. — By G. 

EUGfeNE FASNACHT. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. is, 6d, 

Part II.— Second Year. Conversational lessons in Systematic 
Accidence and Elementary Syntax. With Pliilological Illustrations 
and Etymological Vocabulary. Extra fcap. 8vo. 2s. 

%* JCeys to the French and German Courses are in preparation. 



Macmillan's Foreign School Classes. Edited by G. 

EuGtNE Fasnacht. i8mo. 

GERMAN. 

GOETHE— GOTZ VON BERLICHINGEN. Edited by H, A. 

Bull, M.A., Assistant Master at Wellington. 2j. 
GOETHE— FAUST. Part I. Edited by Jane Lee, Lecturer 

in Modem Languages at Newnham College, Cambridge. 

\In preparation, 
HEINE— SELECTIONS FROM THE PROSE WRITINGS. 

Edited by C. CoLBECK, M. A. [In the press, 

SCHILLER— DIE JUNGFRAU VON ORLEANS. Edited by 

Joseph Gostwick, 2s, 6d, 
SCHILLER— MARIA STUART. Edited by C. Sheldon, M.A., 

D.Lit., Assistant Master in Clifton College. [/» the press, 

SCHILLER— WILHELM TELL. Edited by G. E. Fasnacht. 

[In preparation, 
UHLAND— SELECT BALLADS. Adapted as a First Easy Read- 

ing Book for Beginners. Edited by G. E. Fasnacht. ij. [Ready, 
SELECTIONS FROM GERMAN HISTORIANS. By the same 

Editor. Part I. — Ancient History. [In preparation. 

%* Other Volumes to follow. 
(See also French Authors, page 60.) 

Pylodet.— NEW guide to German conversatioH : 

containing an Alphabetical list of nearly 800 Familiar Words; 
followed by Exercises ; Vocabulary of Words in firequent use ; 
Familiar Phrases and Dialogi^es ; a Sketch of German Literature, 
Idiomatic Expressions, &c. By L. Pylodet. i8mo, cloth limp. 
2/. 6</. 
A synopsis of GERMAN GRAMMAR. From the above. 
i8mo. 6dm 
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Whitney and Edgren.— a compendious GERMAN 

AND ENGLISH I)lCW^lf/(i^Y, ,mth Notation of Correspon- 
dences and Brief Etymologies. By Professor W. D. Whitney, 
assisted by A. ;9. jEi^GiREN. CiTQWn^vo. ijs,lSd, 

THE GERMAN-ENGLISH PART, separately, ^j. 



JyIOpEJ?;t^ GREEJ^. 

Vincent and IMckson. — ha;^B00|?c t,o modern 

GREEK. By Edgar Vincent and T.'G. Dickson, M.A. 
Second Edition, revised and enlarged, witn Appendix on the 
relation of Modern .and Classical Greek hy Professor jEao. 
tCrownovo, w. 

ITALIAN. 

Dante. — the p.u;R(?ATC^y ,Qf PAN/E. tEdit^4> with 
TrpsI?ition ai^^ Nd^es, hy A. J. ^yTLER, M.4^., late J^Cfflojjr of 
Trinity. Cl9llege,,Ca»ii?cidge. (Crav?p ;8,vp. jMj.ifii^ 



I>OMESTIG EeONOMY. 

Barker. -FIRST LESSONS IN THE PRINCIPLES OF 
COOKI-NG. By Lady Barker. New Edition. i8mo. is 

Jaer,i;ie4:s.— iFUkST LESSONS ON HEAXrTH. By J. Berners. 
New Edition. iBmo. .u. 

Fawcett.— Tales in political economy. By milu- 

CENT GarR^tx" Fawcett. Globe Svo. zs, 

Fxederick.-^HJNTS to housewives on sbv^bral 
Points, particularly on the j»iieparation of 

ECONOMICAL AND TASTEFUL WISHES. By Mrs. 
•Frederick. Crown 8vo. is. 



tt I 



This unpretending and useful littl^ volume distinctly supplies a desideratum. 
.... The author steadilv keeps in view the simple aim of ' maktnjg eVeiy-day 
meals at-home, particulany the dliiner, atfiactitej'^.wrtiio^t gddlAjr'.toihe ordinary 
household expenses.*'— Saturday Review. 
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Grand homme.— cuxting^qux /^d -P^ssmaking. 

From the French of Mdlle. E. Grand' homme. \Vith Diagrams. 
iSmo. I J. ^' •'• 

Tegetmeier.— H OUSEHOLD MANAGEMENT AND 
COOKERY. With an Appendix of Precipes used by the 
Teachers of the National School of Cookery. By W. B. 
Tegetmeier. Compiled at the request of the School Board for 
London. i8mo. u. 

Tjbiornton. —FIRST LESSONS IN BQOI^-KEEPING. By 

J. Thornton. New Edition. Crown 8vo. 2s, 6d, 

The object of this volume is to make the theory of Book-lj^eeping sufi^den^ 
plain for even children to understand it. *-.'•- 

Wright.— THE SCHOOL COOKERY-BOOK. Compiled and 
Edited by C. E. Guthrie Wright, Hon Sec. to the Edinburgh 
School of Cookery. i8mo. is. 



ART AND KINDRED SUBJECTS. 

Anderson. — unear perspective, and model 

DRAWING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. With Illustrations. R.oyal 
8vo. 2J. 

Collier. — a primer OF ART. With Illustrations. By John 
Collier. i8mo. is, 

Delamotte.— A BEGINNER'S drawing book. By 

P. H. Delamotte, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. 3^. 6d, 

Ellis. — SKETCHES FROM NATU^RE. A Handbook for 
Students and Amateurs. By Tristram J. Ellis. With a 
Frontispiece and Ten Illustrations, by H. Stacy Ma^ks, 
R.A., and Twenty-seven Sketches by the Author. Crown 8v6. 
2J. 6d, (Art at Home Series,) 

Hunt. — TALKS ABOUT ART. By William Hdwt. \With -a 
Letter from J. E. Millais, R.A. Crown 8vo. y, Sd. 

Taylor.— A primer of pianoforte playing. By 

' Franklin Taylor. Edited by Georgb Grove. i8mo. is. 
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WORKS ON TEACHING. 

BlakistOn— THE teacher. Hints on School Mana^ment. 
A Handbook for Managers, Teachers' Assistants, and Pupil 
Teachers. By J. R. Blakiston, M.A. Crown 8vo. 2/. &/. 
(Recommended by the London, Birmingham, and Leicester 
School Boards.) ' 

" Into a comparatively small book he has crowded a great deal of exceedingly 
useful and sound advice. It is a plain, common-sense book, full of hints to the 
teacher on the nUuMgimetit or nis edhool a»d his children.'''-6cHOOL Board 
Chroniclb. 

CalderwOOd— ON teaching. By Professor HbKry Calder- 
WOOD. New Edition. Extra fcap. Svo. or. 6df. 

Fearon.— SCHOOL inspection. By D. R. Fearon, M.A., 
Assistant Con^missioner of Endowed Schools. New Edition. 
Crown Svo. 2j. 6d, 

Gladstone.— OBJECT teaching, a Le^tuf* delivered at 
the Pppil-Teacher Centre, William Street Board School, Ham- 
mersmith. By J. H. Gladstone, Ph.D., F.R.S., Member of 
the Loi^on School Board. With an Appendix. Crown 
Svo. ^d, 

" It is ft short but interesting and instmctive publication, and oar younger 
teachers will do well to read it carefully and thoroughly. There is much m these 
few pages which they can learn and profit by."— The School Guardian. 



DIVINITY. 

\* For other Works- by these Authors, see Theological 

Catalogue. 

Abbott (Rev* E. A.)— bible lessons. By the Rer. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown Svo. 4s, Cd. 

"Wise, suggestive, and really profound initiation into religious thought" 
—Guardian. 
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Arnold. — a bible-reading for schools. —the 

GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, P.C.L., formerly Professor 
of Poetry in the University of Oxford, and Fellow of Oriel. 
New Edition. i8mo, cloth, u. 

ISAIAH XL.— LXVI. With the Shorter Prophecies alUed to it. 
Arranged and Edited, with Notes, by Matthew Arnold. 
Crown 8vo, Jy. 

Cheetham.— A church history of the first six 

CENTURIES. By the Yen. Archdeacon Cheetham. 
Crown 8vo. [In the press, 

Curteis.-— MANUAL OF THE THIRTY-NINE ARTICLES. 
By G. H. Curteis, M,A., Principal of the Lichfield Theo- 
logical College. [In preparation, 

Gaskoin.— THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with Preface 
by the Rev. G. F. Maclear, D.D. Part I.— OLD TESTAMENT 
HISTORY. i8mo. is. Part II.— NEW TESTAMENT. 
i8mo. IS, Part HI.— THE APOSTLES : ST. JAMES THE 
GREAT, ST. PAUL» AND ST. JOHN THE DIVINE. 
i8mo. IS, 

Golden Treasury Psalter. — students* Edition. Being an 

Edition of "The Psalms Chronologically arranged, by Four 
Friends," v ith briefer Notes. i8mo. 3^. 6</. 

Greek Testament. — Edited, with introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo. los, (ni, each. 
Vol. I. The Text. 
Vol. II. Introduction and Appendix. 

Greek Testament. — Edited by Canon Westcott and Dr. 
Hort. School Edition of Text. Globe 8vo. [In the press. 

Hard wick. — Works by Archdeacon Hardwick :— 

A HISTORY OF THE CHRISTIAN CHURCH. Middle 
Age. From Gregory the Great to the Excommunication of 
Luther. Edited by William Stubbs, M.A., Regius Professor 
of Modem History in the University of Oxford. With Four 
Maps. Fourth Edition. Crown 8vo. los. 6d, 
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Hardwick. — Works by Archdeacon Hardwick {continued) — 
A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Fourth Edition. Edited by Professor 
Stubbs. Crown 8vo. lor. (>d, 

Jennings and Lowe. — THE psalms, with intro- 
ductions AND critical NOTES. By A. C. Jennings, 
B.A. ; assisted in parts by W. H. LoWE, In 2 vols. Crown 
8vo. loj. 6^. each. 

Lightfoot. — Works by Right Rev. J. B. Lightfoot, D.D., 
Bishop of Durham : — 

ST. PAUL'S EPISTLE TO THE GALATIANS. A Revised 
Text, with Introduction, Notes, and Dissertations. Seventh 
Edition, revised. 8vo. I2j. 

ST. PAUL'S EPISTLE TO THE PHILIPPIANS. A Revised 
Text, with Introduciion, Notes, and Dissertations. Seventh 
Edition, revised. 8vo. I2J. 

ST. CLEMENT OF ROME— THE TWO EPISTLES TO 
THE CORINTHIANS. A Revised Text, with Introduction and 
Notes. 8vo. 8j. dd, 

ST. PAUL'S EPISTLES TO THE COLOSSI ANS AND TO 
PHILEMON. A Revised Text, with Introductions, Notes, 
and Dissertations. Sixth Edition, revised, 8vo. I2j. 

THE IGNATIAN EPISTLES. 8vo. [In the press. 

Maclear. — Works by the Rev. G. F. Maclear, D.D., Warden ol 
St. Au^stine*s College, Canterbury, and late Head-Master of 
King's College School, London : — 

A CLASS BOOK OF OLD TESTAMENT HISTORY. New 
Edition, with Four Maps. i8mo. 4f. dd, 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testaments. 
With Four Maps. New Edition. i8mo. 5j. 6^. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo, cloth. 
New Edition. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo, cloth. 
New Edition. 
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Maclear. — Works by the Rev. G. F. Maclear, D.D., continued-^ 

These works have been carefully abridged from the author's 
large manuals. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH 
OF ENGLAND. New Edition. i8mo, cloth, is, 6d. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. With Scripture Proofs, for Junior 
Classes and Schools. New Edition. iSmo. 6d. 

A MANUAL OF INSTRUCTION FOR CONFIRMATION 
AND FIRST COMMUNION. WITH PRAYERS AND 
DEVOTIONS. 32mo, cloth extra, red edges. Zf. 

Maurice. — ^the LORD'S prayer, the creed, and 

THE commandments. A Manual for Parents and 
Schoolmasters. To which is added the Order of the Scriptures. 
By the Rev. F. Denison Maurice, M. A. i8mo, cloth, limp, is, 

Procter. — a HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Rev. F. Procter, 
M.A. Sixteenth Edition, revised and enlarged. Crown 8vo. 
10^. 6d, 

Procter and Maclear. — an elementary intro- 
duction TO the book of common prayer. Re- 
arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. Dr. Maclear. New and Enlarged Edition, 
containing the Communion Service and the Confirmation and 
Baptismal Offices. i8mo. 2j. 6d, 

The Psalms, with Introductions and Critical 

Notes. — By A. C. Jennings, B.A., Jesus College, Cambridge, 
Tyrwhitt Scholar, Crosse Scholar, Hebrew University, Prizeman, 
and Fry Scholar of St. John's College ; assisted in Parts by W. 
H. Lowe, M.A., Hebrew Lecturer and late Scholar of Christ's 
College, Cambridge, and Tyrwhitt Scholar. In 2 vols. Crown 
8vo. icxr. 6d. each. 

Ramsay. — the CATECHISER'S manual ; or, the church 
Catechism Illustrated and Explained, for the Use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. New Edition. i8mo. u. 6d, 

Simpson.— AN epitome of the history OF THE 

CHRISTIAN CHURCH. By William Simpson, M.A. Kew 
Edition. Fcap. 8vo. 3/. 6d, 
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St. John S Epistles. — The Greek Text with Notes and Essays, 
by Brooke Foss Westcott, D.D., Regius Professor of Divinity 
and Fellow of King's College, Cambridge, Canon of Peterborough, 
&c. 8vo. I2J. 63. 

St. Paul's Epistles,— Greek Text, with Introduction and 
Notes. 

THE EPISTLE TO THE GALATIANS. Edited by the Right 
Rev. J. B. LiGHTFOOT, D.D., Bishop of Durham. Seventh 
Edition. 8vo. 12s. 

THE EPISTLE TO THE PHILIPPIANS. By the same Editor. 
Seventh Edition. 8vo. 12s. 

THE EPISTLE TO THE COLOSSIANSw By the same 
Editor. Sixth Edition. 8vo. 12;. 

THE EPISTLE TO THE ROMANS. Edited by the Very Rev. 
C. J. Vaughan, D.D., Dean of Llandaff, and Master of the 
Temple. Fifth Edition. Crown 8vo. p. 6d, 

THE EPISTLE TO THE THESSALONIANS, COMMENT- 
ARY ON THE GREEK TEXT. By John Eadie, D.D., LL.D. 
Edited by the Rev. W. Young, M. A., with Preface by Professor 
Cairns. 8vo. i2«. 

The EpistlQ to the Hebrews, in Greek and English. 
With Critical and Explanatory Notes. Edited by Rev. Frederic 
Rendall, M. a., formerly Fellow of Trinity College, Cambridge, 
and Assistant-Master at Harrow School. Crown 8vo. df. 

Trench. — Works by R. C. Trench, D.D., Archbishop of Dublin. 

. NOTES ON THE PARABLES OF OUR LORD. Fourteenth 
Edition, revised. 8vo. 12s, 

: NOTES ON THE MIRACLES OF OUR LORD. Eleventh 
Edition, revised. 8vo. 12s, 

COMMENTARY ON THE EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Third Edition, revised. 8vo. Ss. 6d. 

LECTURES ON MEDIEVAL CHURCH HISTORY. Being 
the substance of Lectures delivered at Queen's College London. 
Second Edition, revised. 8vo. 12s, 

SYNONYMS OF THE NEW TESTAMENT. Ninth Edition, 
revised. 8vo. 12s, 
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WestCOtt. — Works by Brooke Foss Westcott, D.D., Canon of 
Peterborough, Regius Professor of Divinity, and Fellow of King's 
College, Cambridge. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fifth Edition. With Preface oa 
** Supernatural Religion." Crown 8vo. los. 6d, 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. lOf. 6^, 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. New Edition. i8mo, cloth. 4X. 6d, 

THE EPISTLES OF ST. JOHN. The Greek Text, with Notes 
and Essays. 8vo. 12s. 6d, 

THE EPISTLE TO THE HEBREWS. The Greek Text 
Revised, with Notes and Essays. 8vo. [In preparation. 

Westcott and Hort. — the new testament in 

THE ORIGINAL GREEK. The Text Revised by B. F. 
Westcott, D.D., Regius Professor of Divinity, Canon of 
Peterborough, and F. J. A. HoRT, D.D., Hulsean Professor of 
Divinity ; Fellow of Emmanuel College, Cambridge : late Fellows 
of Trinity College, Cambridge. 2 vols. Crown 8vo. lOj. (ki. each. 

Vol. I. Text. 

Vol. II. Introduction and Appendix. 

Wilson. — THE BIBLE STUDENT'S GUIDE to the more 
Con-ect Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 25J. 

Yonge (Charlotte M.).— scripture readings FOR 

SCHOOLS and families. By Charlotte M. Yonge. 
Author of ** The Heir of Redely ffe." In Five Vols. 

First Series; Genesis to Deuteronomy. Extra fcap. 8vo. 
U. 6d. With Comments, 3J. 6d, 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. I J. 6d, With Comments, y. 6d, 
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Third Series. The Kings and the Prophets. Extra fcap. 
8vo. is, 6d, With Comments, 35. dd. 

Fourth Series. The Gospel Times, is, 6d, With Comment?, 
extra fcap. 8vo, 31. 6d, 

Fifth Series. Apostolic Times Extra fcap. 8vo. is, 6J, 
With Comments, 3J. 6d, 

Zechariah — Lowe. — the HEBREW STUDENT'S COM- 
MENTARY ON ZECHARIAH, HEBREW AND LXX. 
With Excursus on S> liable-dividing, Metheg, Initial Dagesh, and 
Siman Rapheh. By W. H. Lowe, M.A., Hebrew Lecturer at 
Christ's College, Cambridge. Demy 8vo. lar. 6d, 



Lomion: K. Clay^ Sens^ and Taylor^ Printers, 



MACMILLAN'S GLOBE LIBRARY. 

In Cloth Binding, Globe Svo, y, 6d, each. 



** The * Globe * Editions are admirable for their scholarly editing, 
their typojjraphical excellence, their compendious form, and their 
cheapness." — Saturday Review. 

*' Not only truly cheap, but excellent in every way.*' — Literary World, 
** A wonderfully cheap and scholarly seiies." — Daily Telegraph, 



SHAKESPEARE'S COM- 

PLETE WORKS. Edited by 
W. G. Clark, M.A., and W. 
Aldis Wright, M.A. With 
Glossary. 

MORTE D'ARTHUR. The 
Book of King Arthur and of his 
Noble Knights of the Round 
Table. The Original Edition 
of Caxton revised for Modern 
Use, with Introduction, No#es, 
and Glossary, By Sir E. 
Strachey. 

ROBINSON CRUSOE. Ed- 
ited after the Original Editions. 
With a Biographical Introduc- 
tion by Henry Kingsley, 

SIR WALTER SCOTT'S 

POETICAL WORKS. Ed- 
ited with Biographical and 
Critical Memoir, by F. T. 
Palgrave. With Introduction 
and Notes. 

VIRGIL. Rendered into Eng- 
lish Prose, with Introductions, 
Notes, Analy.is, and Index hy 
J. Lonsdale, M.A., and S. 
Lee, M.A. 

HORACE. Rendered into Eng- 
lish Prose, with Introductions, 
Running Analysis, Notes, and 
Index, by J. Lonsdale, M.A., 
and S. Lee, M.A. 



DRYDEN'S POETICAL 

WORKS. Edited, with a 
Memoir, Revised Text, and 
Notes, by W. D. Christie, 
M.A. 

COWPER'S POETICAL 
WORKS. Edited, with Bio- 
graphical Introduction and 
Notes, by W. Benham, 
B.D. 

BURNS'S COMPLETE 
WORKS. Edited from the 
best Printed and MS. Autho- 
rities, with Memoir and 
Glossarial Index, by Alex- 
ander Smith. 

GOLDSMITH'S MISCEL- 
LANEOUS WORKS. With 
Biographical Introduction by 
Professor Masson. 

POPE'S POETICAL 
WORKS. Edited, with Notes 
and Introductory Memoir, by 
Professor Ward, of Owen's 
College, Manchester. 

SPENSER'S COMPLETE 
WORKS. Edited from the 
Original Editions and Manu- 
scripts, with Glossary, by R, 
Morris, and a Memoir by 
T. W. Hales, M.A. 

MILTON'S POETICAL 
WORKS. Edited, with Intro- 
ductions, by Professor Masson. 



MACMILLAN AND CO., LONDON. 



Now Publishing, in Crown 8vo, price 2s. 6(1. each. 
Also in stiff boards, uncut edges, price 2j. 6i. each. 

ENGLISH MEN OF LETTERS. 

EDITED BY JOHN MORLEY. 



« ' 



'These excellent biographies should be made class-books for Schools."— 
IVestminster Review. . , „ . 

" This admirable series "—Brttuh Quarterly Review. 
** Eiyoyable and excellent little hooks."— Academy. 



JOHNSON. By Leslie Stephen. 
SCOTT. By R. H. Hutton. 
QIBBON. By J. C. Morison. 
SHELLEY. By J. A. Symonds. 
HUME. By Professor Huxley. 

P.R.S. 
GOLDSMITH. By William Black. 
DEFOE. By W. Minto. 
BURNS. By Principal Shairp. 

SPENSER. By the Very Rev. the 
Dean of St. Paul's. 

THACKERAY. By Anthony 
Trollope. 

BURKE. By John MoRLBY. 

BUNYAN. By J. A Frouds. 

POPE. By Leslie Stephen. 

BYRON. By Professor Nichol. 

COWPER. By Goldwin Smith. 

LOCKE. By Professor Fowlkr. 

WORDSWORTH. By F. W 
Myers. 



By G. Saintsbury. 
By Professor Sidney 



By Rev. A. 



DRYDEN. 
LAN DOR. 

COLVIN. 

CHARLES LAMB. 

Ainger. 
BENTLEY. By Professor R. C 

• Jebb. 
DICKENS. By Prof. A. W. Ward. 

MACAULAY. By J. C. Morison. 

DE QUINCEY. By Prof. Masson. 

MILTON. By Mark Pattison. 

HAWTHORNE. By Henry James. 

SOUTHEY. By Professor Dowdem. 

CHAUCER. By Prof. A. W. Ward. 

GRAY. By E. W. Gosse. 

SWIFT. By Leslie Stephen. 

STERNE. By H. D. Trailu 

FIELDING. By Austin Dorson. 

SHERIDAN. By Mrs. Oliphant. 

•»* Other Vdlumes to follow. 



H. 



Macmillan &* Co. *s New Illustrated Catalogue of Books suitable for 

PRESENTATION and SCHOOL PRIZES, at prices ranging 

from SIXPENCE upwards^ may now be had, post free. 



MACMILLAN AND CO., LONDON. 



